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With a view to application to theories such as the Wigner supermultiplet theory of nuclear structure
and its recent extension into-the domain of particle physics, the reduction of representations of the
special unitary group SU a» into representations of its SUn. & SU, subgroup is considered. Proof is
given of the result, that, in the case of a representation of SU ns of plurality type pma, this reduction
yields only those irreducible representations of SU ., Q) SUn, whose SU» and SU, parts have plurality
types pm and p. equal t0 pma modulo m and modulo =, respectively. A practical method of obtaining
reductions is described and a tabulation of results in the case of SUs and SU; ) SU,; is made. The
method depends on the use of a very concise version of the Weyl character formula for unitary groups

which does not seem to have been used elsewhere.

I. INTRODUCTION

UCH work during the last year has been per-

formed in investigation of the possibility that
the octet version' of the SU, theory of particle
interactions is only a manifestation of some wider
theory described by an approximate symmetry group
of which SU, is a subgroup. Such work divides
quite clearly into three distinct areas. In one of
these areas, the extended symmetry group in ques-
tion refers only to internal space properties of
particles, and the most natural candidates in this
case are the groups of rank three. Of these the
group SU, seems to be the most popular’ though
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various others have also been investigated.® A second
area of activity concerns the extension* of the Wigner
supermultiplet theory of nuclear structure’® into the
realm of particle physics. Here the underlying sym-
metry is that described by the group SU, with an
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1356 C. R. HAGEN AND
SU; & SU, subgroup in which the SU, part refers
to ordinary spin and the SU; part refers in the sense
of the octet theory to the internal space properties
of particles. The third area is associated with the
U, ® U, group.’

In connection with their work on the first of the
above-mentioned areas of research, the authors’
made a study of certain properties of groups of the
type SU,.;. In this study the concept of purality
type® for representations of SU,., was introduced to-
gether with theorems concerning the reduction of a
given representation of SU,., into representations of
its SU, ® U™ subgroup. Such theorems are impor-
tant in connection with the classification of particles
according to basis states of representations of SUsj,
SU,, ete. In addition they allow the occurrence of
fractional eigenvalues of the generator Y™ of U™
(and, hence, of /e where @ is the charge operator’'®)
to be correlated with the plurality type of a given
representation of SU,.,.

In the present paper we study certain properties
of special unitary groups relevant to the second
category of theories referred to in the first para-
graph. Most of the results of this study concern
the reduction of representations of SU.,,, into rep-
resentations of its subgroup SU, & SU,. To be
more specifiec, we must introduce some notation. The
irreducible representations (IRs) of SU, can be put
in one to one correspondence with Young diagrams
of no more than (r — 1) rows and, hence, charac-
terized by the notation

{lh l2; lr—l}) (11)

where [; gives the number of boxes in the ith row
of the associated Young diagram and satisfies
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112l22 "'er—120- (1-2)
The plurality type of the IR {I,, I, --- I,_,} is
defined” according to
r—1
p{ly, by -+ L.y} = 2 1; (modulo 7). (1.3)

i=1

Its basic property’ is contained in the observation
that an IR of SU, which occurs in the direct product
of a given pair of IRs has plurality type equal,
modulo r, to the sum of the plurality types of the
given pair of IRs. Our discussion begins with a proof
(in Sec. II) of the following

Theorem. The reduction of an IR of SU,,, with
plurality type p.. into IRs of its SU,, Q) SU, sub-
group yields only IRs in which

(a) the SU,, part has plurality type p. given by
Pm = Pmn (modulo m);

(b) the SU, part has plurality type p, given by
Pa = Pmn (modulo 7).

Well known results* for SU, illustrate this theorem.
For example, the 56-dimensional IR {3, 0, 0, 0, 0}
(or {3} simply) of SU, has “hexality’”’ 3 and, hence,
by the theorem should contain only IRs of SU, &) SU,
with (duality, triality) = (1, 0). In fact it contfains
a spin-§ decuplet and a spin-} octet, both of which
have the required duality—triality values. The the-
orem may also be used to make statements of the
following type:

(a) a theory with symmetry group SU,/Z,, i.e.,
a theory generated by the regular representation
{2, 1, 1, 1, 1} of 35 dimensions of SU, describes
only unquarklike bosons;

(b) a theory with symmetry group SU,s/Z,,
ie., a theory generated by the fundamental IR
{1, 1, 1, 0, 0} (or simply {1°}) of SU,, describes
only unquarklike bosons and fermions;

(c) a theory with symmetry group SU./Z,, i.e.,
a theory generated by the complex conjugate pair
of fundamental IRs {1%} and {1*} of SU,, describes
only bosons both quarklike and unquarklike;

(d) a theory with symmetry group SU, itself,
i.e., a theory generated by all five fundamental
IRs {1} (1 £ r < 5), describes quarklike and
unquarklike bosons and fermions.

The term unquarklike is used here to desighate
particles associated with the IRs of SU, which occur
in the octet theory, i.e., the theory whose symmetry
group is SU,;/Z,, the term quark having been in-
troduced' to describe the particles associated with
the fundamental IR {1} of SU,.

1t M. Gell-Mann, Phys. Letters 8, 214 (1964).
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The statements (a) to (d) follow from the theorem
in a straightforward way. Consider (b), for example.
Since only the IRs {1°} and {1*} of SU, with even
hexality are used to generate the IRs of the theory
based on SU,/Z,, it follows from the basic property
of plurality type quoted above that the theory in-
volves only IRs of even hexality. The theorem then
implies that IRs of SU, R SU; which are contained
in such IRs have duality zero and thus correspond
only to bosons. However, since hexalities 0, 2, 4
are allowed, all values of triality type can occur
for the SU; parts of the IRs of SU, & SUs.

Statement (b) is of some importance, since it
implies that the extensions of supermultiplet theory
to particle physics can be made whether quarks are
discovered or not. Of course, such a statement is
already implicit in the literature.®

The theorem proved in Sec. II is concerned with
the reduction of an IR of SU.,,, into IRs of SU,, &
SU,. This leads us naturally to consider the de-
velopment of a rapid and economical method of
obtaining such reductions. The basic idea is to ex-
press the character of a given IR of SU,, cor-
responding to an element of the SU,, & SU, sub-
group as a sum of characters of IRs of the product
subgroup. In order to make the application of this
fundamental idea a practical matter, we employ,
not the Weyl character formula'® itself, but certain
equivalent more concise forms of it obtained by
algebraic manipulation. Discussion of this character
formula is given in Sec. III. In See. IV, technical
details are given for the use of these formulas to
derive the desired results. General results have not
been obtained, but rather a method to use in any
particular example. Accordingly, the technique is
explained in terms of the supermultiplet theory, as
the simplest example available, as well as its particle-
physies counterpart. In the former instance, results
are well known'® for a wide range of low-dimensional
IRs of SU,, and hence, we have not repeated them.
For the case of SU, we have appended a table
of the low-dimensional IRs, their dimensionalities
and hexalities, their SU, & SU; content and the
duality—triality of this content.

II. PROOF OF THE REDUCTION THEOREM

We prove here the following
Theorem. The reduction of an IR of 8SU,, of

12 H, Weyl, Theory of Groups and Quantum Mechanics
(Dover Publications, Inc., New York, 1931), p. 381.

13 M. Hamermesh, Group Theory (Addison-Wesley Pub-
lishing Company, Reading, Massachusetts, 1962), p. 435.
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plurality ... into IRs of SU,, & SU, yields only
IRs whose SU,, and SU, parts have pluralities p,,
and p, equal to p,, modulo m and modulo n,
respectively.

The method of proof is to establish the theorem
for each of the fundamental IRs of SU,.,. Then,
from the basic property of plurality type, we see
that the theorem holds for any direct product of
a finite number of fundamental IRs. Since any IR
of SU.,,. occurs within some direct product of funda-
mental IRs,' the theorem then follows for any IR
of 8U.,... We must therefore consider the (mn — 1)
fundamental IRs {17}, 1 < p < (mn — 1) of SU,...
Of these {1} is the self representation and the others
correspond to the transformations induced by this

on the antisymmetric tensors of rank 2, 3, --- ,
(mn — 1).
Consider first the self representation. Let

.1 < a < m), Y,(1 < b < n) be bases for the
self-representations {1} of SU,, and SU,, respec-
tively. If we consider the most general unitary
unimodular transformations of the mn product func-
tions ¢.¥,, we clearly have the self-representation
of SU,., ie., the IR {1} of SU,, becomes the
IR {1} ® {1} of SU, ® SU, on restriction from
SU,.. to SU,, ® SU.,.

Next we note that for 1 < p < mn — 2, the
product representation {17} & {1} of SU,,. contains
within it the IR {1°*'} of SU,.,. This is a simple
consequence of the Littlewood method'® for the re-
duction of direct products of IRs of special unitary
groups. Let us then assume the theorem true for
all {1%°} with p < p, for some fixed p, in the range
1 £ po £ mn — 2. Then, using a basic property
of plurality type we see that it is true for the product
representation {17} & {1} and, hence, for {1**'}.
Since we have proved the theorem for the IR {1},
it follows by induction that it is true for all the
fundamental IRs of SU,., and, hence, for all IRs of
SU -

III. ON THE FORMULA FOR THE CHARACTER
OF AN IRREDUCIBLE REPRESENTATION OF SU,

Qur starting point is the well-known Weyl form-
ula'® for the character of an IR {l;, l5, -+ l..;} of
SU, corresponding to an element of SU, with eigen-
values ¢; (¢ < 7 < n) which satisfy |e¢; |= 1 and

14 8ee G. Racah, “Group Theory and Spectroscopy,”
Princeton Lectures, 1951 (unpublished), or R. E. Behrends,
J. Dreitlein, C. Fronsdal, and B. W. Lee, Rev. Mod. Phys.
34, 1 (1962).

15 D, E. Littlewood, Theory of Groudp Characters (Oxford
University Press, London, 1950), 2nd ed., p. 94.
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€6 -+ & = 1. The formula in question is b = ay,
XU, by o Loal, €, €5 o, €) hy = hya, — @, = @ — Qa, (3.4)
CEAAEEI a1 by = hya; — hiae + @ = o} — 20,8, + a5 -+ -,
&t gt e 1 By = Bos@y — heogs + + -+ — (—1)Rea,.
From Eq. (3.4) we can readily derive
Lan o fetnnt L dan g . o . a
= . 3.1
et &2 g 1 1 o L TP T
& & " SR 1 h, =10 1 3.5)
&t &2 —_— 1 0o 0 --- 1 a,

It is to be observed that the character x “belongs
to”’ the symmetrie group S, on the n symbols ¢;
in the sense that it is invariant under any permuta-
tion of them. We shall be able to cast Eq. (3.1)
into a form better suited to the work of the next
section by introducing certain basic functions which
belong to S, and writing x in terms of them. The
basic functions to which we refer are the so-called
elementary symmetric functions and homogeneous
product functions. The elementary symmetrie func-
tions of the n symbols ¢; are

a4 = Z €iy
i
a; = Z €€,
i<i (3'2)
as = Z €;€€, ",
i<i<k
O, = €663 *** €& = 1,

and the homogeneous product sums are

h = Z € = a4,
hy = 3 e, 3.3)
hs = D eeie, oo .

iSisk

There are only n elementary symmetric functions
a.,ie,a, =0,r > n Also,a, = landa, = 0,r < 0.
For the homogeneous product sums, we also write
ho = land k, = 0, r < 0, with the difference that
k., can be defined for any r > 0 by Eq. (3.3). How-
ever, the &, for r > n are not algebraically independ-
ent of the &, for r < n and are, furthermore, related
to the a, through the equations

¢ See D. E. Littlewood, A Unipersity Algebra (Heinemann
Lid.,, London, 1958), 2nd ed, Chaps. 5 and 6; or D. E.
Littlewood, Ref. 15, Chap. 6.

o Z(_l)a,-&a«p--- (al +a2+ Tt ‘a,,,)!a,o“ . an

[ 1 ] la‘2 "'au}
Qg " O,!

in which the summation is over all nonnegative «,
satisfying >« ka, = r, a restriction which ensures
that each term of the sum be of degree r in the ;.
Equations (3.4) can, of course, equally well be solved
for the a, in terms of the h,. We then find

hl h2 hr—l hr
T AT s AT
o 0 --- 1 hy

which is of the same structure as Eq. (3.5). Since
a, = 0forr > n, Eq. (3.6) shows how h,.y, hrsz, -+
may successively be expressed in terms of the
h(r < m).

It can be proved'® that the a, and the h, with
r < n provide an algebraic basis for all functions
of finite degree in the ¢; belonging to S,. Since x
as given by Eq. (3.1) belongs to S, and is of finite
degree (I, + I, -+ -+ + l._,) in the ¢, this remark
should be applicable to it. Indeed x as given by
Eq. (3.1) is exactly the quantity discussed by Little-
wood'® under the na,e “bialternant” and, from his
discussion of bialternants, we obtain the result'”

X({ll) lyy -~ 9Zn’1})517 Tt :en)
h’l; hl;'{'l h!,+n—2
- hl:—l hl; hia+n—3 (3 7)
kzs_,—rﬁz Ry,

17 D. E. Littlewood, Ref, 15, p. 88.
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This formula is the one on which our ensuing discus-
sion is principally based. Despite the availability of
a formula relating the right sides of Eqgs. (3.1) and
(3.7) in the work of Littlewood, the result (3.7)
does not seem to have been used in previous discus-
sions on the representation theory of unitary groups.
Eq. (3.7) is quite distinet from, but presumably
equivalent to, the form into which Aghassi and
Roman'® have manipulated the Weyl formula (3.1).
In the case of the IR {1, 0, --- , 0} or {I} simply
of 8U,, Eq. (3.7) reduces to
: en) = hl)

X({l}y €1 €2, ° (3-8)

since ho = 1 and &, = 0 for r < 0. Hence, Eq. (3.7)
expresses the character of the general IR of SU,
as a function of the characters of IRs of SU, which
correspond to Young diagrams of one row or to
totally symmetric tensors. This statement is to be
contrasted with an analogous but more ecomplicated
one made by Aghassi and Roman.'® In the case of
anIR {l,, L, ---,1,,0, --- 0} = {I, --- I,} of SU,,
we see that the determinant on the right side of
Eq. (3.7) reduces trivially to one of r rows and
columns. In the case of IRs of SU, corresponding
to a Young diagram of a single column with r rows
(0 £ r £ n — 1), we obtain, from Eqgs. (3.6) and
(3.7), the notable result

x({1}, &, -+ &) = a,, (3.9)
where we have written {1"} = {1, --+ 1,0, --- 0}
with r entries equal to unity on the right. Since the
{1"} 1 < r < n — 1) are the fundamental IRs
of 8U,, we see that the rth such IR has character a,.
Since any function belonging to S,, e.g., x({l,, ---,
lns}, &, -+ , €), can be expressed algebraically
in terms of the a, (1 < r < n — 1), it follows that
the character of any IR can be written as a function
of the characters of the fundamental IRs. This may
be regarded as an expression of the sense in which
such representations are fundamental.

In order to give an explicit formula for x in terms of
the a,, we introduce the Young diagram {A,, Az, - - )\, }
conjugate to the Young diagram {I,, l;, --- , l._,}.
The former is obtained from the latter by transposi-
tion, i.e.,, the numbers A;, As, -+ A, refer to the
number of boxes in the Ist, 2nd, --- pth column
of {li, I, ---, l,_;}. We note that p need not be
less than (n — 1). Again referring to Littlewood,"
we obtain the result

18 J_ Aghassi and P. Roman, preprint (1964).
1 D, E. Littlewood, Ref. 15, p. 89.
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X({ll, l2’ coe ln—l})el, - 6,,)
(W ay,+1 ax, +p—1
= (a1 O Oy 152 (3.10)
Urp-pt1 ey,

Aside from its interest as an explicit statement on
the significance of the fundamental IRs of SU,, this
result is of practical importance for the calculation
of characters. For example, in the case of IRs of
SU, corresponding to Young diagrams with fewer
columns than rows, Eq. (3.10) will involve a de-
terminant of fewer rows and columns than Eq. (3.7).
In the particular case of the IR {I} of SU,, the
partition conjugate to {I} is {1'}, and Eq. (3.10)
reduces to Eq. (3.8) by virtue of Eq. (3.5). Since
p > n — 1 is possible, Eq. (3.10) can involve a
determinant of more than (n — 1) rows. The fact
that Eq. (8.10) is in this sense more complicated
than the form Eq. (3.7) is compensated by the fact
that in Eq. (3.10) only a, with 0 < r < n occur,
since a, = 0 for r > n. In Eq. (3.7), however, the
h, for r > n are nonvanishing (although algebra-
ically dependent on the A, for 0 < r < n) and
can in fact occur.

IV. REDUCTION OF IRs OF SU.. INTO
IRs OF SU,. Q) SU,

We have proved in Seec. II that an IR of SU,.
with plurality p,. contains within it only IRs
of SU,, @ SU, whose SU,, part has plurality p,, =
Pmn (mod m) and whose SU, part has plurality
Pn = Pma (mod 7). In this section we describe
practical methods, based on the character formulas
of Sec. III, for actually performing the reduction
of IRs of SU,,, into IRs of SU, & SU,. Although
general formulas have not been obtained even in
the case (Wigner’s supermultiplet theory*) of SU,
and SU, & SU,, our procedure is quite rapid and
economical. We shall illustrate it with reference to
the Wigner supermultiplet theory and to its particle
physics extension® where the reduction in question
is from SU, to SUs @ SU,. Of course, application
to reductions from SU, to SU; ® SUs,* SU,; to
SU, ® SU,,™ ete., can be made along similar lines.

For SU, we have IRs {l,, l,, I3} corresponding to
Young diagrams of at most three rows. The funda-
mental IRs are three in number {1}, {1, 1}, and

20 H. J. Lipkin, Phys. Letters 9, 203 (1964).
21 P, G. O. Freund and B. W. Lee, Phys. Rev. Letters 13,
592 (1964).
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{1, 1, 1} with characters

@ =& + & -+ & b e, “.1)
Gy = €6 + 66 + 66 + @ b o6 + G (42)

gy
= O3,

4.3

s = €6365 b 616364 + €626 T 616069
= af,

the properties

4.4

of the eigenvalues of a unitary 4 X 4 matrix having
been used. Results (4.1) to (4.3) express the fact
that {1} is equivalent to the complex conjugate
of {1, 1, 1}, while {1, 1} is equivalent to its own
complex conjugate. In the Wigner supermultiplet
theory, the IR {1} operates on the four z-component
of spin, z-component of isospin states of a particle
with total spin and isospin %, and is thus a self-
representation of arbitrary unitary unimodular trans-
formations of these states. Hence, remembering that
the IR {I,, I,} of SU, corresponds to a value J =
£(I, — 1) of the appropriate total spin, we see that
the IR {1} of SU,, when restricted to its spin—
isospin SU, & SU; subgroup, yieldsan IR {1} ® {1}
of that subgroup.

To obtain a corresponding result for a general IR
of SU,, we note that the element of SU, which
describes a general transformation of its SU, &) SU,
subgroup has the diagonal form

el =1, 1 <9<4, 0 = aaas =1,

¢ 0 0 0 dpf 0 0 0
0 ¢« 0 0 _|0 o 0 0
0 0 ¢ O 0 0 oo
0 00 0 0 0 <yt

]

el )
0 &? 0 g4t

with respect to an ordering (spin up, isospin up),
(spin up, isospin down), (spin down, isospin up),
(spin down, isospin down) of the basis states of the
self-representation, The parameters e and 4 refer,
respectively, to the spin and isospin parts of the
product transformation. From (4.5) we see easily™

22 The IR{l,, Iz} of ST/, has total spin value J = (I, —~ 1,)
and, for an element of 8/, with diagonal form

e 0
0 ¥ :

has character [ef. Eq. (8.1)] X %imsie. For J = 1 this sum
is simply (et + ¢74).

AND A. J. MACFARLANE

that

a = (& + N+ 17h, 4.6)

so that on restriction from SU, to SU, ® SU,,
x({11) = a, = x({1Px({1]), @7

where we have suppressed the ¢ 7 arguments and
the subseripts s and ¢ to refer to the spin and isospin
SU, groups. Thus the IR {1} of SU, yields an
IR {1} ® {1} of SU, R SU,, a decomposition which
clearly applies to the representation {1, 1, 1} as well.
From (4.5) we also get

g =¢+ 14+ et +n+1+97" (@8
50 that™
x({1, 1}) = a2 — x.({2Dx:({0])
+ x{({0Dx:({2D), 4.9)

ie., the IR {1, 1} of SU, yields the IRs {2} & {0}
and {0} & {2} of SU, ® SU.,.

It now follows that the splitting of the general
IR {1, 1, &} into IRs of SU, R SU, can be obtained
directly from Eq. (8.10) by systematic use of the
formula

X (B xa, ({R7])
= Xa,i({;s + k’}) + Xa,«:({;c 4k — 2})
+ - xR - ED, (4.10)

corresponding to the well known Clebsch-Gordan
series for SU,. For IRs of SU, with fewer columns
than rows, this is the best way to proceed. However,
for other IRs of SU,. it is much easier to use Eq.
(3.7), since it is possible to give a general result
for the reduction for an IR {I} of SU, into 2 sum
of IRs of SU, & SU,. This leads, of course, to
the well known result'® that on restriction from SU,
to SU, & SU,, we get for the IR {I} of SU, the
reduction

- +ii-21®@ {1 —~2}
F - ~4} -, (41D

terminating with {1} & {1} for odd and {0} & {0}
for 1 even. We could alternatively say that when
restriction to SU, & SU, is made, the IR {I} of
8U, yields once and only onece each IR of SU, Q) SU,
which has both of its parts corresponding to the
same Young diagram with [ boxes and not more
than two rows. The statement, of course, reduces
to the previous one since the IRs {I + ¢, ¢} and
{1} of SU, are equivalent for e integral; however,
it resembles more closely the corresponding state-
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ment regarding the reduction of a totally symmetric
IR* of 8U.,,, with respect to SU,, @ SU,.

To obtain our result we prove the corresponding
character relationship, i.e.,

by = x.({1)x:({1})

+x({l = 2hx({l -2D + -+ . (@12

Clearly (4.12) is true for [l = 0 and I = 1 using
ki = @, and Eq. (4.6). If we assume it true for
all 7 up to some fixed I, and on this basis prove
it true for (I, + 1), then it follows for all I by indue-
tion. If Eq. (4.12) is true for all I < I, then

ki — by = x.({IHx:({1}) (4-13)
follows for all I < I, also. Hence, using the last
line of Eq. (3.4), and Eq. (4.11) for I = I, I, — 1
lo — 2,1, — 3, we get
higsr — hyyey = ax({ o x:({%})

- azXa({lo - 1})X:‘({lo - 1})

+ aaXu({lo - 2})Xi({l0 - 2})

— age({l — 3Px:({l — 3}),  (4.14)
which, upon using Eqgs. (4.7), (4.8), (4.3), and (4.4),
together with Eq. (4.10), reduces to
higer — 1})X ({lo + 1}) (4-15)

By assumption Eq. (4.12) holds for I < 1,, and since
we have proved it true on this basis for I = [, + 1,
its validity for all I follows by induction. Now with
the aid of Eqs. (4.14) and (4.10), we can directly
reduce

H

hlal_x.!{

i, hia By
X({lu lz: la}) = hl:—l hln hl.+1 (4-16)
hioez hioor Ry,

to a sum of products x,x;. We do not in this case
reproduce the more specific results already available
in the literature'® since our primary purpose here
has been to illustrate our general approach. It is
to be noted that this approach contrasts with pre-
vious ones in that it is directly applicable rather than
being recursive.

We now go on to the case of SUs and SU, & SU,.
For SU, we have five fundamental IRs with charac-
ters a, = ({17}), 1 < r < 5, given explicitly by

a, = a"; = € + € + €3 + €4 + €5 + €6y (4.17)
23 M. Moshinsky, J. Math. Phys. 4, 1128 (1963). See also
T. A. Brody, M. Moshinsky, and 1 Renero, Recursion

Relations for ’ the Wigner Coefficients of Unitary Groups,
preprint (1964).
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0 = a% = a6 + €63 + e + 6 + €6
+ e + €6y + €65 + 66 T 64
+ €365 - 65 - eses + eses + eses,  (4.18)
a; = a% = €665 + €660 + ¢ - ¢ €seses, (4.19)
where we have used a; = e eeee6s = 1 and

el = 1, 1 < 2 < 6. The self representation {1}
of SU, operates on the six states of a spin-} quark,
a quark'' being associated with the IR {1} of SU,
whose three basis states are characterized by I = 1,
I,=+3,Y =}, and I = 0, Y = —%. In other
words when restriction from SUs to SU, & SU,
is made, we get the result

{1} - {1} ® {1}. (4.20)

Here, as always in what follows, the first symbol
refers to the SU, part of the product IR. Thus
to perform the reduction of SU, to SU, & SU,, we
consider elements of SU, with diagonal form

€5
€g
e*’71
€ N2 A
€3
= - 4.21
€ 5,’]1 ( )
€ ',
f_iﬂa
3 {m 0 0
0
=[e _J@[o 7 0|,
0 ¢ 0 0 n

where e refers to the spin-SU, subgroup of SU,,
and the »; satisfy 5,7.7; = 1 and refer to the SU,
subgroup.

From Egs. (4.17) to (4.19) and (4.21) one easily
obtains

a, = x({1DxA{1}), (4.22)
a = x%({0Dx({2}) + x.({2x,({1, 1}), (4.23)
as = x({1x({2, 1) + x.({3Dx,({0}), (424
as = x.({0)xA{2, 2}) + x.({2Dx,({1}), 4.25)
as = x.({1DxA({1, 1}), (4.26)

so that on restriction from SU, to SU, & SU,
{1} — {1} ® {1}, (4.27)
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Tasie I, Irreducible representations of SUs and their reduction with respect to SU: @ SUs. For each IR of SUs both the
Young diagram and highest weight designations are given. The SU; Q SUs content of each IR of SU, is given first in Young-
diagram notation and secondly in a hybrid notation which refers to SU, parts by their total spin values and to SU; parts by
highest weight notation.

Duaflity Triaflity

IR of SUs Dimension Hexality SU; X SUjs content SUzo part SUao part
{1} 6 1 {1} ® {1} 1 1
(1,0,0,0,0) 1®(,0)

{1, 1} 15 2 {0} ® {2} + {2} ® {1, 1} 0 2
(0,1,0,0,0) 0®(2,0)+1®(0,1)

{1, 1, 1} 20 3 11 ® (2,1} + {3] ® {0} 1 0
0,0,1,0,0) 3@, 1) +32(0,0)

{1,1,1,1} 15 4 {0} ® {2, 2} + {2} ® {1} 0 1
0,0,0,1,0) 0®(0,2)+1®(1,0)

{1, 1,1, 1,1} 6 5 {1} ® {1, 1} 1 2
(0,0,0,0,1) I®0O1)

{2} 21 2 2] ® 2} + {0} ® {1, 1} 0 2
(2,0,0,0,0) 1®(2,04+0RQ(0,1)

2,1, 1,1, 1} 35 0 21 ® {2,1} + {0} ® {2, 1} + {2] ® {0} 0 0
(,0,0,0,1) 1®0,1)+0®(1,1)+1®(0,0)

3 56 3 3} ® {31 + 1} ® {2, 1} 1 0
3,0,0,0,0) 32® 6,00+ 1 ®1,1)

{2, 1} 70 3 11 ® 3] + {3} ® {2, 1} 1 0
{11 ® {2, 1) + {1} ® {0}

(1,1,0,0,0) ;1 ®G,0+32®(1,1)
IR +3®(0,0)

{2, 1, 1, 1} 84 5 11 ® {32} + (1} ® {1, 1} + {3} 1 2
® 12} + {11 ® {2} + {3} ® {1, 1}

(14,09,0,1,0) I®L2+I®0,1)+32®(2,0)
+31®(2,0) +3/2®(0, 1)

{2, 2} 105 4 i‘é; % g, gi + 2} ® {1} + 2] ® {3, 1} + {0} @ {4} + 0 1

0,2,0,0,0) 2@(0,25+1®(1:0)+1®(2,1)+0®(4,0)+0®(0:2)

{2, 1, 1} 105 4 2/ @811 +2]@1(2,2]+2]Q{11 +{0]® 0 1
{3, 1} + {0} @ {1} + {4} ® (1}

(1,0,1,0,0) 1®EH+1®(0,2)+1(1,0)
0®(21)+0Q(1,0)+2®(1,0)

{4} 126 4 4] ® {3, 1} + {2} ® {4,0} + {0} ® {2, 2} 0 1

(4,0,0,0,0) 2ED+H1RH40)+0Q(0,2)

{2, 2, 2} 175 0 2] ® 14,2} + 2] @ {0} + {0} ® (3] + {0} ® {3,3} + 0 Y
6} ® {0} + 4] ® (2,1} + 2] ® (2,1}

(0,0,2,0,0) 1®(2,2)+1@(0,0) +0®(3,0) +0® (0, 3) +
3®0O,0+21L1D+1®@1,1)

2,2, 1,1} 189 0 01® 42 +0}®{2,1} +{0}®{0} +{2]® 0 0
2,1} + 2} ® {3} + (2} ® {2, 1} + {2} ® (3,3} +
4] ® {2, 1} + {4} ® {0}

0,1,0,1,0) 0®(2,2)+0R(L,D+0R®0,0)+1Q(LD+1Q®
BO+I®ALH+1IREG,3)+2@(1, 1) +2®(0,0)

{3, 1} 210 4 QU+ 2/®B1}+{2)®1(2,2} + 21 ® (3,1} + 0 1
2] ® {1} + {0} ® (3,1} + {0} ® {1}

(2,1,0,0,0) 204,0+1Q®E21D+1®(0,2)+1®E, 1) +1Q
(LO)+0®(21)+0®R (1,0

{2, 2, 1} 210 5 {5} ® {L, 1} + 8} ® {1, 1} + {3] ® {2} + {3} 1 2
g?;}%‘{i{ig QB2+ 11 ® 2]+ {1 {1,1} +

0,1, 1,0,0) 5/2Q (0: D+3200,1D)+32®0(2,0+32Q
L2Y+I®RLY+i1Q@2,0+:Q0, 1) +1R®EG L)
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{1’} — (0} ® {2} + {2} ® {1*},

'} - {1} ® (2,1} + {3} ® {0},
{1'} - {0} ® {2°} + {2} ® {1}, (4.30)
{1} - {1} ® {1*}. (4.31)

It now follows on using Egs. (4.22) to (4.26), Eq.
(4.10), and the known®* Clebsch-Gordan series for
SU,, that we can directly obtain from Eq. (3.10)
the reduction of any IR of SU, with respect to
SU, & SU,. In the present case it is important
in terms of algebraic effort to use Eq. (3.10) when
the IR of SU, in question has fewer columns than
rows and otherwise to use Eq. (3.7). Again the
advantage of using Eq. (3.7) stems from the fact
that, on restriction from SU, to SU, ® SU,, we get

he = x({Ix({1) + x({T — 2P, ({1 — 1, 1})
+x({l — 4l —2,2) + -+,  (4.32)

the last term being x,({1})x,({3l, 1I}) for I even
and x,({1})x, ({30 + 1), 3¢ — 1)}) for I odd. This
corresponds to saying that when restriction to
SU, @ 8SU; is made, the IR {l} of SU, yields
once and only once each IR of SU, & SU, which
has both of its parts corresponding to the same
Young diagram with ! boxes and not more than
two rows. The proof proceeds along the same lines
as for SU,.

To illustrate the ready applicability of the present
methods we consider the IRs of SU, of 56, 35, and
70 dimensions which have been employed in the
currently popular SU, theory. The IR with 56 di-
mensions is {3}, and from (4.32)

Bl-Bl®BI+1}®i{21}; #33)

“56" — “‘spin-# decuplet” + “‘spin-} octet.”

(4.28)
(4.29)

The IR with 35 dimensions is the regular rep-
resentation {2, 1, 1, 1, 1}. The shape conjugate to
{2, 1, 1, 1, 1} is {5, 1}. Hence, using Eq. (3.10),
and then Egs. (4.22) and (4.26), we get

as Qs

X({z: 1, 1,1, 1}) = (434)

1 a

24 Such series may be derived by the Littlewood method!s
[originally applied to SU; by A. R. Edmonds, Proc. Roy. Soc.
(London) A268, 567 (1962)], or by Speiser’s method: [D.
Speiser, Proceedings of the Istanbul Summer School, 1962,
(Gordon and Breach, Science Publishers, New York, to be
published); J. J. de Swart, Rev. Mod. Phys. 35, 916 (1963)]
or by use of tensor methods [N. Mukunda and L. K. Pandit,
preprint (1964); S. Coleman, J. Math. Phys. 5, 1343 (1964)].
A general Clebsch—-Gordan series has been obtained by
various methods [M. Moshinsky, Ref. 23; A. Bimoni and
B. Vitale, Nuovo Cimento 33, 1199 (1964); B. Preziosi, A.
Simoni, and B. Vitale, Nuovo Cimento 34, 1101 (1964);
L. K. Pandit and N, Mukunda, preprint (1964)].
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= x({I1Dx ({1, 1hx.({1DxA{1})
— x({0)xA{0}).  (4.35)

Now using the Clebsch—Gordan series for SU, and
SUj; the result

{2,1,1,1,1} - {2} ® {2, 1}
+ {2} ® {0} + {0} ® {2, 1};
“35"” — “‘spin-1 octet” + “‘spin-1 singlet”
+ “‘spin-0 octet”

follows easily. Finally, the IR of SU, with 70 di-
mensions is the IR {2, 1}. Using Eq. (3.7) and then
Eq. (4.32), we get

he hy
1 b
= x(£2Dx A2 ({1 x,({1})

+ % ({0Dx,({1, 1xa({1DxA{1})

(4.36)

x({2, 1}) =

= x({3Dx (181 — x.({1x,({2, 1}), (4.37)
and hence,
2,1} - {1} ® {3} + {3} ® {2, 1}
+ {1 ®{2,1}+ {1} ®{0}; (438

“70” — “‘spin~3 decuplet” + “spin-2 octet”

=+ “spin-§ octet” + ‘‘spin-% singlet.”
Results (4.33), (4.36), and (4.38) agree with re-
ductions quoted® in the literature.

Table I shows reductions for the lowest IRs of
SUse. The dimensionality of {l,, L, 15, L, 15} is ob-
tained from the formula®
d({ln lz; lsa l4, ls}) = [(ll - L+ 1)(Z2 — L+ 1)
XU—=L+D0 -4+ 10+
X (ll - ls + 2)(l2 - l4 + 2)(la - ls + 2)(l4 + 2)

X (ll - l4 + 3)(l2 - ls + 3)(l3 + 3)(l1 - l5 + 4)
X (I + 41, + 5)1/1121314151). (4.39)

It is to be noted that the IRs of SU, & SU, con-
tained in an IR of SU, of plurality p, have duality
and triality equal to p; mod 2 and pe mod 3, respec-
tively, in accord with the theorem of See. II.
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A direct and rapid method is described for the reduction of representations of the special unitary
group SU mia with respect to its SU . Q) SU, subgroup. The technique is illustrated by specific refer-
ence to the case of SU and its SU, ) SU4 subgroup in the context of the recent extension of Wigner’s
(8U ) supermultiplet theory into the domain of particle physics. A tabulation of results is given for a
slight generalization of this case where reduction is carried out with respect to Uy @ SU, & SU..

I. INTRODUCTION

N the preceding paper by the present authors," a
study was made of the branching rules for the
special unitary group SU,, with respect to its
SU, ® SU, subgroup; i.e., it was shown how one
can determine which irreducible representations of
SU,, ® 8U, oceur in a given irreducible representa-
tion of SU.,.. This investigation was, of course,
undertaken principally as a consequence of the great
interest® currently associated with the SU, theory
of Giirsey, Radicati,® Pais,* and Sakita,® in which
the spin-unitary spin SU., & SU; subgroup of SU,
occupies a vital position, and an extensive tabulation
of results for this case was given in HM. However,
later developments of the SU, theory® also employ
a different subgroup (the so-called unphysical sub-
group U, ® SU, & SU,) whose precise significance
in relation to the physical SU, & SU, subgroup is
reviewed below. It is thus becoming increasingly
clear that branching rules for the irreducible rep-
resentations of SU,s with respect to this unphysical
subgroup may also be expected to be of considerable
interest.

We consider here the derivation of branching rules
for the special unitary group SU.,..., with respect
to its SU, & SU, subgroup. For the special case
m = 2, n = 4 the method yields a prescription

* Research supported by the U. 8. Atomic Energy Com-
mission under Contract AT(30-1)-875.

t Research supported by the U. 8. Atomic Energy Com-
mission under Contract AT(30-1)-3399.

1 C. R. Hagen and A. J. Macfarlane, J. Math. Phys. 6,

1355 (1965), previous paper. This paper is referred to as HM
in the present work.

2 An extensive list of references to the SUs theory may be
found in HM.

8 F, Giirsey and L. A. Radicati, Phys. Rev. Letters 13,
173 (1964).

4 A. Pais, Phys. Rev. Letters 13, 175 (1964).

5 B. Sakita, Phys. Rev. Letters 13, 418 (1964); and
Phys. Rev. 136, B1756 (1964).

¢ F. Giirsey, A. Pais, and L. A. Radicati, Phys. Rev.
Letters 13, 299 (1964).

for the determination of the representations of
SU, ® SU, contained in a given representation
of SU,. It is relatively straightforward to extend
these results to the complete subgroup U, X SU, ®
SU,. Since U, is the hypercharge gauge group
(see next paragraph), such extension demands only
the specification of the appropriate hypercharge
eigenvalue associated with each SU, & SU, rep-
resentation in a given reduction. Another case for
which the general method of the present paper may
be relevant is a recent work by Gell-Mann’ which
involves an SU, group with an SU; &) SU; subgroup.
Reductions of the type considered here are also
relevant in connection with the work of Moshinsky
and his collaborators on Clebsech—-Gordon coef-
ficients of unitary groups.™

We may best exhibit the relation (as well as the
contrast) between the present and the preceding
paper' by referring to the SU, theory®™® together
with its physical and unphysical subgroups. Con-
sider then the basis states of the defining representa-
tion of SU, to be the six states ¢;; (1 < 7 < 2,
1 £ j £ 3) of a spin-3-quark with baryon number 1.
Here the label ¢ refers to ordinary spin, (z = 1 to
spin up and ¢ = 2 to spin down) and the label j
refers to “unitary spin” (j = 1tothe I = I, =
Y = }state, j = 2tothe ] = —I, = 1, ¥V =
state, and j = 3tothe I = 0, ¥ = —% state). The
physical SU, & SU, subgroup is realized by con-
sidering those transformations U of SU, which are
of the form U’ & U”, where U’ belongs to SU,
and acts only on the spin label 7, and U”’ belongs
to SU; and acts on the unitary spin label j of ¢,;.
To obtain the unphysical subgroup, consider those
elements of SU, which do not mix states of different

calms

7 M. Gell-Mann, Physics 1, 63 (1964).

» M. Moskinsky, J. Math. Phys. 4, 1128 (1963); and
T. A. Brody, M. Moshinsky, and I. Renero, 1bid. (to be
published).
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Y, ie., which transform the states ¢,3 (¢ = 1, 2)
and the states ¢,; (1 < 7, j < 2) independently
among themselves. Writing the ¢,; now in the order
13, D23, D11, D12y D21y Pao, the elements of the SU, ®
S8U, subgroup of SU, are of the form U’ @ U”,
where U’ belongs to the SU, group of spin trans-
formations of the Y = —2 or § = —1 (strangeness-
bearing) quark states, and U’ belongs to the SU,
group of transformations of the spin, isospin states
of the Y = § or § = 0 (non-strangeness-bearing)
quark states. It is to be noted that the SU, group
in question is of the same type as the SU, group
of the Wigner supermultiplet theory® and indeed
the interest of the unphysical subgroup of SU, is
closely related to this fact. Finally, it can be seen
that hypercharge gauge transformations of the six
basic states ¢;; commute with the SU, ® SU, group
so that we may realize U, & SU, ® SU,, where
U, is hypercharge gauge group, as the complete
unphysical subgroup of SUs.

The approach used here for the derivation of
branching rules for SU,.. with respect to its
SU.. & SU, subgroup closely parallels the approach
of our previous paper,’ despite the very different
ways in which the product subgroups are imbedded
in the parent group. The same concise versions of
the Weyl character formula for special unitary groups
are employed in an essentially identical fashion to
achieve a direct rapid method of calculation rather
than a general formula. Details are presented in the
next section, with particular emphasis being given
to the SUg and SU, @ SU, groups. In the case
of U, ® SU, Q SU, an extensive tabulation of
results is appended.

II. DERIVATION OF BRANCHING RULES

We begin with a brief review of some essential
notation introduced in Seec. IIT of HM together with
certain results regarding characters of the unitary
group SU,,.

The irreducible representations (IRs) of SU, can
be put into one-to-one correspondence with Young
diagrams of no more than (p — 1) rows and, hence,
are characterized by the notation’

{lerZy cct ylp--l}» (2'1)

where [; gives the number of boxes of the 7th row
of the Young diagram and satisfies

LhzbL>- 2 lp—l > 0. (2-2)

8 B, P. Wigner, Phys. Rev. 51, 106 (1937); E. P. Wigner
and E. Feenberg, Rept. Progr. Phys. 8, 274 (1941).

9 Connection with the highest weight notation is explained
in C. R. Hagen and A, J. Macfarlape, J. Math. Phys. 5,
1335 (1964), footnote 11.
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We denote by x({l;, I, -+- L,_,}, &, &, -+ ¢,) the
character of the IR (2.1) of SU, corresponding to
an element of SU, with eigenvalues ¢; (1 < ¢ < p)
where |e;] = 1 and ¢¢ -+ ¢, = 1. We wish to
use certain concise formulas given in HM which
express x in terms of fundamental symmetric func-
tions of the ;. These are the so called elementary
symmetric functions

a = Z €y
:
a; = E €,€;,
1<y (2.3)
a3 = E €,€;€k,
i<i<k
a, = €6 ¢ = 1,

and the homogeneous product sums

hy = Z€i=an
i

h2 = Z €€,

i<q (2.4)
hy = Z €.€;€x,
. i<i<k

We further define a, = 1, a, = 0 for r < 0 and
r>p hy=1and k, = 0forr < 0. It is to be
noted that while &, is defined by (2.4) for all > 0,
the A, for r > p are algebraically dependent on the
h, for r < p. The relationship of the a; and the h;
and some of their properties have been discussed
in Sec. IIT of HM, the well-known book by Little-
wood having been the source of most of the
material in question. In terms of the k., we have
the result

x({llvl‘.’y Tt lP—l})el) “'ev)
hl, hl,+1 hln+r—2
— hl,—l hl. hl,+p—3 (2 5)
hlp—x—zz+2 hl,—;
and in terms of the a;, we have
X({lnlz, ttt 111:—-1}1 €,y *°° en)
7% Ay, +1 By +q-1
- Ay, -1 ay, 0 Qry4g-2 (2 6)
Dy g—q+1 A 7 O

o D. E. Littlewood, Theory of Group Characters (Oxford
Un(ivgrslty Press, London, 1950), 2nd ed., especially Chaps. 5
and 6.



1368 C. R. HAGEN AND
where {Ay, Ay, --- , A} is the Young diagram con-
jugate to the Young diagram {I, I, --- , l,_.};
ie., \; is the number of boxes in the jth column
of the latter Young diagram. We note (cf. HM,
Sec. III) that ¢ is not necessarily less than (p — 1)
and that (2.6) should be used whenever the IR
[Eq. (2.1)] of S8U, has fewer columns than rows.
We further remark (ef. HM, Sec. III) that, for
IRs {1,0, - - - 0} (totally symmetric /th rank tensors),
Eq. (2.5) reduces to

x({l}, e 6, 00 &) =R 2.7
and that for the jth fundamental IR {1°,0, --- 0} =
{1'},1 < j < p — 1[Eq. (2.6)] reduces to

x({1'}, &, €&, -+ (2.8)
We now turn to the question of branching rules

for SU.,,.. with respect to its subgroup SU,, & SU..
To this end, we consider elements U of SU,., of

the form
’
O UI/
where U’, U” are, respectively, elements of SU,,
and SU,. Thus to reduce the IR {I;, 15, -+ , lpsn-1}

with respect to SU,, & SU,, we must impose the
restrictions

Ep) = 0;.

(2.9)

€€ " €y = ly

(2.10a)
(2.10b)

on the ¢ which appear in its character formula.
Then, by expressing the homogenous product sums
h; of the ¢, (1 < a £ m + n), subject to (2.10),
in terms of the homogeneous product sums A/ of
the ¢, (I < b < m), subject to (2.10a), and the
homogeneous product sums A’ of the ¢, (m + 1 <
¢ < m + n), subject to (2.10b), one can use the
Clebsch—Gordan'! series for SU,, and SU, in the
expansion of the determinant (2.5) withp = m + »
to obtain the desired reduction of the IR of SU,...
in question. Of course, if the IR of SU,,., has fewer
columns than rows, one would express a, in terms
of a/ and @}’ (in obvious notation) and use Eq. (2.6)
rather than (2.5). To obtain the expressions for &,
and a; alluded to in the previous sentences, we may
refer directly to Littlewood for the results'

€n+1€mt2 """ €mun = 1

B = D B_hY, 0<r< o, (2.11)
1=0

a, = 2. al_.al, 0<r<m+n. (2.12)
i=0

11 Such series can be obtained for any unitary group by the
Young diagram method; see D. E. Littlewood, Ref. 10, p. 94.
12 D, E. Littlewood, Ref. 10, p. 104.
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We recall, in connection with the latter equation,
that a! = 0 for ¢ > m, and a/ = 0 for ¢ > n. The
results given are sufficient for a direct treatment
to be made of any IR of SU,,,,. We further note
the following general result given by Littlewood™:
The number of times the IR I &) I'"" of SU,, Q SU.,
is contained in the IR T of SU,,,, equals the number
of times I' occurs in the direct product of those
IRS of SU.,,., which correspond, respectively, to the
same Young diagrams as IV and I'. While this
result allows an easy check on any statement made
regarding the SU,, & SU, content of an IR of
SU,4n, it does not seem possible to use it as the
basis of a rapid direct approach to derivation of
branching rules.™*

It will be convenient to illustrate our method
with reference to the SU, &) SU, subgroup of SU,,
returning later to those slight extensions of the
method needed for the U, & SU, & SU, subgroup.
We first consider the fundamental IRs of S8U,. From
(2.12) we have, in the same notation as employed
above in the general discussion,

o = aof +a,
a: = 1+ ajal’ + o/,
a; = a’ + aja}’ + of = af, (2.13)
a, = af + afai’ + 1 = a%,
a; = a3’ + ai = af,
since af = aj = af = a;’ = 1, a] = a/*, o]’ = a}’*

and @)/ = a}’*. Hence, from'Eq. (2.8) we deduce
the branching rules

{1} = {1} ® {0} + {0} ® {1},
('} > {0} @ {0} + {1} ® {1} + {0} ® {17},
(P} {0} @ {1} + {1} @ (1"} + {0} ® (1%}, (2.14)
(U} > {0} @ {1°} + {1} ® (1"} + {0} ® {0},
{1’} = {0} ® {1°} + {1} ® {0}
for the fundamental IRs of SU,. On the right of
Eq. (2.14) (and hereafter) the first part refers to
the SU, IR, with [ = 2j giving the connection of
{1} to the corresponding angular momentum quan-
tum number, while the second part refers to the
SU, part.

To illustrate the general method, we treat the

56- , 35- , and 70-dimensional IRs of SU, which
have featured centrally in physical discussions of

¥ D. BE. Littlewood, Ref. 10, p. 105.

M. Whippman in a recent investigation of branching
rules (preprint, 1964) has also given the result and indicated
that it can be made the basis of a recursive derivation of
results such as those derived in the present work. See also
A. J. Coleman, unpublished notes of lectures given at Uni-
versity of Uppsala, Uppsala, Sweden, 1963.

5



REDUCTION OF REPRESENTATIONS OF SUm,s

the SU, theory. The 56-dimensional IR is {3} and
from (2.7) and (2.11) we deduce immediately

{3} = {3} ® {0} + {2} ® {1}

+ {1} ® {2} + {0} ® {3},
56 =@4X1)+ @ X4

+ (2 X 10) + (1 X 20),

the lower line being a check by dimensionalities.
The 35-dimensional IR is the regular representation
{2,1,1,1, 1}. Using Eq. (2.6) and Eq. (2.13), we get

(2.15)

x({2,1,1,1,1}) = (B %

1 a
= (af + a')(ai + ai’) — 1, (2.16)
and hence, using simple CG series'® for SU, and
SU,, we find directly
{2,1,1,1,1} > {2} ® {0} + {1} ® {1°} + {1}
® {1} + {0} ® {0} + {0} ® {2, 1,1} (2.17)
with the check
3B=@BXNH+2X4
+@X4H+ A XD+ (1X15)

by dimensionalities. The 70-dimensional IR is {2, 1},
and we use Egs. (2.5) and (2.11) to find

h. h
x({2,1) = [* 7
1 h
= (ks + RIAI + h5)Y(RG + hY)

— (BS + BB + RIRY 4+ R, (2.18)

Hence, with the aid of Eq. (2.7) and simple CG
series,’! we obtain the result

(2,1} - {1} ® {0} + {2} ® {1} + {0} @ {1}

+ @R+ LRI+ 02,1 @19
with the check
0=CXD+@EX4)+1X4

+ (2 X 10) + (2 X 6) + (1 X 20)
by dimensionalities.

In order to obtain reductions for IRs of SU,; with
respect to the full unphysical subgroup, we must
make a slight extension of the previous considera-
tions, since the unphysical subgroup is not SU. &
SU, but rather U, & SU, & SU,. The U, gauge
group comes in, as explained in the introduction,
because of the existence of the hypercharge gauge
group which commutes with the SU, & SU, sub-
group of SUs. In terms of the ordering ¢.3, ¢23, 11,
B12, P21, G2z Of basis states of the defining representa-
tion, we can write hypercharge transformations in
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the form
eV = " P 41, (2.20)
where
n=¢", Y =-210 11, (2.21)

which clearly exhibits commutativity with the ele-
ments U = U’ @ U” of SU, R SU,. The reduction
of IRs of SU, with respect to U, Q SU, ® SU,
is simply effected by the association of an appropriate
hypercharge eigenvalue with each IR of SU, & SU,
encountered in the application of the methods of the
previous paragraph. We can, however, easily de-
termine the appropriate hypercharge eigenvalues by
a simple extension of the previous method. To this
end we consider elements of SU, of the form U =
¢'’U, where '™ is given by Eq. (2.20) and U =
U’ @ U” is an element of SU, Q) SU, of the type
discussed above. The eigenvalues ¢; (1 < ¢ < 6)
of U can be written as

& = 51'77_} =12
€ = ei"li (l = 3, 4, 5, 6) Wlth €3€4€5€65 = 1,

with (2.22)

(2.23)

and we must express the homogeneous product sums
h. and the elementary symmetric functions a, of
the & in terms of 4 and the same quantities A/,
h”, &/, and a”, as occur above. The desired expres-
sions easily follow from the m = 2, n = 4 cases
of Egs. (2.11) and (2.12), since &, &/, &'/, a, a’, and
a'’ are homogeneous functions of their arguments.
They are readily found to be

ae = 1,

S R_AIEY (e 2 0),

h, = (2.24)
£=0

a, = »al_aly v, (2.25)
i=0

Clearly, we can use Eq. (2.24) along with Eq. (2.5)
in the present case exactly as we used (the m = 2,
n = 4 version of) Eq. (2.11) along with Eq. (2.5)
in the previous paragraph. The only difference is
that associated with each term of the final simplified
character formula we have now a power of 4 whose
exponent gives the hypercharge eigenvalue of the
corresponding SU, X SU, representation. It is clear
that an entirely analogous statement applies to the
formulas based on the functions a,.

A table of results for various IRs of SUg (low-
dimensional ones or those used in the discussion of
the physical group SUs/Z;) is appended. The dimen-
sionality formula for SU, is

D({L, L, L L, L) =lL-L+DlL—-0L+1
X (ls - l4 + 1)(14 - ls + l)(ls + 1)
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TasLe 1. Hexalities of IRs of SUs and the reduction with respect to U1 ® SU, ® SU..
IR of S8Us Dimensionality Hexality Ui ® SU, & SU, content

{1} 6 1 -H{1} ® (0} + H){0} @ {1}

{1, 1} 15 2 (=D ® {0+ (=D (1} + D0} ® (1, 1}

{1, 1,1} 20 3 (=D ® {1} +O)1}® 1,1} + ({0} ® (1, 1,1}

{1, 1,1, 1} 15 4 (-HORILLI+ ML L1+ 310 ® {0}

{2} 21 2 (-H2I® 0} +®® 2} +(-H1} ® (1}

{2,1,1,1,1} 35 0 (0){2]® {0} +(~D{1} @ {1, 1, 1} + ({1} ® {1} + (0){0} ® {0} +
00} ® {2, 1, 1}

{3} 56 3 (-BI® 0} + (D2} @ {1} + (O{1} ® {2} + (1){0} ® {3)

{2, 1} 70 3 (=21} ® {0} + (-2} ® {1} + (-D{0} @ {1} + ({1} @ (2} +
0){1} ® {1,1} + ({0} @ {2, 1}

2,1, 1,1} 84 5 (- ®IL}+(-H2IRQILLLI}+®0® {1} +(-H{0I®
{LL 1+ MR+ B ® (211} +(-DHI0}® {21}

{2, 2} 105 4 (=D ® 0] +(-NINR 1} +(-HIR{L 1} +(-DH2I®
2+ D ® 12,2} + (H1} ® {2, 1}

2,1, 1} 105 4 (-HIRM + (-2 +®HOIR 2 1L,1] +(-HO}®
21 +(-HIOI R {L 1T+ DL ® 21} + DO L1, 1}

{4} 126 4 (- R0} +(-HBIR I +(-HI2I® 2} + DI ® 3] +
(0} ® {4}

{2, 2, 2} 175 0 (=201 ® {2} + (-} ®{2,1} +(0){0} ® {2, 1,1} + (0){2} ®
2,2 + {0} ® {2, 2,2} + (VL) ® {2, 2,1}

{2,2,1,1} 189 0 (=201 (1,1} + (-1} ® {1, 1,1} HO){0]}] ® {0} +(—D{1} ®
2,1} +(0O){2} ® {2, 1,1} + (10} @ {2, 1, 1} + (D{1} ® {1} +
0{0} ® 2,2} + )0} ® {1, 1} + (D1} ® {2, 2,1}

{3, 1} 210 4 (-HRI®I0} +(-BIQ {1} + (-HI1] ® {1} + (=D} ® {1, 1} +
(=D 2} + (DO @2} + WO} ® 8] + ML} ® (2, 1} +
®0} ® {3, 1}

{2, 2,1} 210 5 (=PRI} +(-H0J® (1, 1,1} + (-9 ® 2} + (-1} ®
L1} 4+ (=21 R {21} + (HII ® {2, 1,1} + (-H{0} ® {2, 1} +
BH®{2,2] + (B0} ® (22 1}

{5} 252 5 ()1 ® 0} +(-Hi2} ® B8] +(-H{3] ® {2} + (B0} ® {5} +

(=D} @ {1} + (D1} @ {4}

XU —-—L+2dL—~-L+2L—-5+2
X L+20 — L+ 31— s+ 3)(+3)

X (= L+ 9@+ 490G +5)](112181415)7,  (2.26)
while those for SU, and SU, are
D) =1+ 1,
D({L, L, L.}
=L -L+DEGE—-L+ DG+ (2.27)
X (L — 5+ 20+ 2)(L + 3™, (2.28

respectively. These formulas can be used as above
to give a check by dimensionalities.'® A further check
on these results is provided by the pluralities® of

15 A further partial check of results can be attained as
follows. From the SU, & SUs reduction of SUs IRs (see

the IRs of SUs, SU,, and SU, as expressed by the
“equation”

hexality of SU, (mod 2) — duality of SU,
— quadrality of SU,
(mod 2) = 0 (mod 2). (2.29)

Finally, we note that on transcription to the highest
weight notation (e, B, v, 8, ¢)° for IRs of SU,, the
results of Table I can be readily used to determine
the reduction of the complex-conjugate IRs (e, &
e ﬁ) d) .

Table I of HM) and the known!® ¥ content of SU; IRs, we
may obtain the multiplicity of each ¥ value in any given
IR of SU,. This can be compared with what follows from
Table I of the present work ang use of known dimensionalities
for SU, and SU IRs.

18 C. R. Hagen and A. J. Macfarlane, J. Math. Phys. 5,
1335 (1964).
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TaBLE 1. (Continued).

IR of SU,

Dimensionality Hexality

U| ® SUz ® SU4 content

3,1, 1,1}

42,222}

(6}

{3, 3}

{3,2,2,1,1}

{3,2,2,2)

{5’ 1, 17 1’ 1}

{3, 3, 3}

{5, 1}

{4, 2}

{44' 2’ 1} 1’ 1]

{3,3,2,1}

{6, 3, 3, 3, 3}

280

405

462

490

540

560

700

980

1050

1134

1134

1960

2695

0

0} + (02} ® {2, 1, 1} + (2){0} ® {2} +
3,1} + (W1} ® {3, 1, 1} + (1)1} ® {1}
{1,1,1} + (B} ® {1} + (~-D{1} @
1] + @)(2) ® 12} + (0){2) ® {0} + ({2} ®
(1){1}® {3, 1,1} +( -2){2} ®
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We introduce here a new coupling scheme for three angular momenta. It relies on the properties of
an operator which depends “democratically’” upon the three individual angular momenta; this is in
fact their mixed product. This operator, the total angular momentum and one of its components form a
complete set of commuting observables. In the case where the three individual angular momenta
are equal, the eigenstates of this set possess remarkable symmetry properties with respect to the

permutation group S;.

1. INTRODUCTION

'HIS paper deals with an old problem: the quan-

tum mechanical coupling of three angular mo-
menta. Actually, this amounts to reducing into a
sum of irreducible representations, a tensor product
of three irreducible representations of the three-
dimensional rotation group. Such a tensor product
is not a multiplicity-free representation; one can
find several equivalent irreducible representations in
its deecomposition. It is thus necessary to introduce
a degeneracy parameter which enables one to dis-
tinguish these various equivalent irreducible rep-
resentations. For the physicist, the problem is to
find an operator which, added to the three ‘‘in-
dividual” angular momenta, the total angular mo-
mentum and one of its components, gives a complete
set of observables.

The well-known solution of this problem rests on
the fact that the rotation group is ‘‘simply reduc-
ible”,! that is to say, a given irreducible representa-
tion shows up once (at most) in the reduction of the
tensor product of two irreducible representations.
When dealing with the tensor product of three
such representations, one can then first reduce the
tensor product of two among them and for each
of the irreducible representations thus obtained, re-~
duce its tensor product with the third of the initial
representations. In other words, degeneracy is re-
moved by introducing the angular momentum of
a pair of the initial ‘“systems.” But this age-old
solution is completely “‘antidemocratic,”’ in that the
three initial angular momenta are not treated on the
same footing. Now, there are a lot of problems where
they play the same part. This is particularly true
when one has to couple three equal angular momenta.
The representation space of the rotation group rep-
presentation is then also a representation space for

1 E. P. Wigner, Am. J. Math. 63, 57 (1941).

the symmetric group of the third degree. We know
that, in a certain sense, we can reduce simultaneously
the rotation group and the symmetric group rep-
resentations.? Unhappily, the usual coupling schemes
completely obscure this point. In the case of several
% spins only, do we know explicitly the symmetry
properties of the coupled states.” And yet, this is
a crucial problem when one has to classify the spin
or isospin states of several identical particles obeying
Fermi-Dirac or Bose-Einstein statistics.

We introduce here a new coupling scheme based
upon a new operator with the following properties:
(a) its depends “democratically” upon the individual
angular momentum operators; (b) it enjoys a simple
physical interpretation: indeed, it is the mixed pro-
duet of the three angular momenta; (c) it is effec-
tively able to remove the degeneracy with respect
to the total angular momentum. These properties
are derived in Sec. 2.

We then treat in Sec. 3 the case of three equal
angular momenta. We show how to reduce com-
pletely the relevant representations of the third-
degree symmetric group. We carry on this reduction
and this provides us with the symmetry properties
of the basis vectors in this new coupling scheme.

In the course of our calculations we are led to
derive some new properties of Wigner’s 6 coeffi-
cients (see Appendices A and C).

Finally, two tables exhibit the basis vectors of
our coupling scheme for the case of three j = 1
and three j = 1 angular momenta.

2. THE NEW COUPLING SCHEME
2.1. Definitions

Let J', J% J® be three angular momentum op-

% See for instance G. Ya. Lubarskii, The Applications of
Group Theory in Physics (Pergamon Press, Ltd., London,
1960), Chap. IV.

3H. V. Mclntosh, J. Math. Phys. 1, 453 (1960) and
other references therein.
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erators. They are Hermitian operators obeying the
following commutation rules:

5 I = i6%end { wB=123 oy

i, 5, k=1,2,3.
One defines the total angular momentum operator
I=7T+T7+7T (2.2)
We introduce now the Hermitian operator
K = ¢p 3005
It can be rewritten as
K = ‘}s“éiikéaMJ?J?Jge 24

In spherical components, the most useful ones for
explicit calculations, this reads

y @, = +70; )
€rpg—- = +1.

It is straightforward to derive the following com-
mutation rules

K, J1 =1d3rg-5 - FO-ml.
and cyclically.

2.3

- p
K = —'2’2 epqu;JiJi { (25)

(2.6)

As a result,
K,J]=0. 2.9

It is then clear that the following set of operators:
(Y, (3%, (0% (D)?, Joand K form a commuting
set. That this is actually a complete set of observables
will be shown in the following. Let us note some
rather remarkable commutation rules,

O =3HT + I, P+ 1)1 =K, 2.8)
and cyclically.
Also,

K, 771 = 40-na-5 - ¢&n»na-n
+ Q-1 = YT}
and cyclically.

2.9)

2.2. Matrices Elements

Let us now restrict ourselves to the tensor product
D R D* ® D of three irreducible representations
of the rotation group. We work from now on in the
corresponding representation space. In this vector
space, the individual operators (J)° reduce to mul-
tiple of the identity:

(J9° = jali + DI,

50 we are no longer interested in them.

(2.10)
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Our task is now to solve the simultaneous eigen-
value problem for K, (J)?, and J,. Maybe, one can
solve this democratic problem in a democratic way,
for instance by systematically exploiting the com-
mutation rules (2.8) and (2.9). What will be done
here, instead, is to use an antidemocratic but straight-
forward method.

We first notice that we already know the eigen-
values of (J)® and J,. The usual coupling schemes
enable us to decompose the vector space of the rep-
resentation in a sum of subspaces 3C; 5 corresponding
to the eigenvalues J(J + 1) of (J)* and M of J,.
These subspaces have, in general, a dimension higher
than one due to the fact that the ’ representation
shows up with a certain multiplicity in the reduction
of the tensor product D @ D* ® D*. But we know
a basis in each of these subspaces, obtained by
diagonalizing, say, (J' 4+ J*)® This is the usual
coupling scheme. Let us note |§,,J M ) the correspond-
ing normed basis vectors. They are defined by

O jd M) = J(J + 1) |j1J M),
Jo [had M) = M [j12J M),
O+ IV eI M) = io(iia + D) [ M),
(fo ' M’ | j12d M) = 8;,,50,855 aear:-

We are going to stud.y the matrix elements of K
in this basis. Since K commutes with (J)* and J,
we have at once

(jiod'M'| K |j12J M)
= 8,5 8um (oI M| K |jiad M). (2.12)

This proves it suffices to work in each subspace 3/ ,.

Now, K is an irreducible tensor operator (a scalar
one, indeed) built up with the three irreducible
tensor operators J*. We have thus at our disposal
the standard methods of evaluation of its matrix
elements.* However, an immediate use of these
methods leads to a complicated expression containing
one 97 and one 6j symbols. A little trick simplifies
the derivation and leads to an expression containing
but 67 symbols. The relations (2.8) reads

2.11)

K=10"+ P, + P @)
whence
Giad M| K ljuad M) = 7 itz + 1)
= juie + D) GJM| (J° + T) ied M), (2.14)

4+ A. R. Edmonds, Angulor Momentum in Quantum Me-
chanies (Princeton University Press, Princeton, New Jersey,
1957), Chap. 7.
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We evaluate the matrix elements of (J* 4+ J°)* in the Appendix A. We also obtain a new sum formula
for 6 coefficients. We finally obtain the following most simple result:

<]'f2JM| K |j12JM> = 'ialz(si',.,tai,..t—l -

where

8ira-10500.0), (2.15)

af = H=D"H 3G, + 1)@ + DiGe + 1)@ + DI
X [[@1 — 1)@l + 1)]*{" Ia l}{fl a l} 2.16)

~4

1 -1 4GJI01 I—=1 g

I

The K matrix then assumes the striking form

F0  —im
ioq O - iaz . O
K = 0, 2.18)
O 0 —fa,
L ia,._ 1 0 _.

2.3 Diagonalization

This is a particular Jacobi matrix, i.e., a matrix
with all its nonvanishing elements along its principal
diagonal and the two adjacent ones. These Jacobi
matrices have many wonderful properties.® Here,
further, K is an antisymmetric matrix. We get then
the following

Lemma. The eigenvalues of K in each subspace
3C; . are all different from each other.

We defer the proof to the Appendix B.

We can thus assert that the eigenvalues of K are
effectively able to play their parts as degeneracy
parameters. This shows also that the operators
(Jl)z, (12)2) (13)27 (1)2; ']0) and K constitute a
complete set of commuting observables.

But K is antisymmetric, and, denoting by @()\)
the characteristic polynomial of K, we have

QM) = det (K — A1) = det (K" — A1)

= det (—K — Al)

= (—1)"det (K + A1) = (=1)"Q(—)), (2.19)
_.‘;—mantmacher and M. G. Krein, Oscillatory Matrices

and Small Oscillations of Mechanical Systems (in Russian),
(Fiz. Mat. Giz., Moscow, 1950).

[(J+ja+z+1)<J+ja—z+1)<js—J+l)(J—jg+l)(j1+j2+z+1)<jl+y;-z+1)(j2—j1+z)(j,—jz+l)]*
@l+1D2i—-1) :

(2.17)

where n is the degree of P(A), i.e., the dimension
of the subspace 3, considered. The characteristic
polynomial of K is then of the same parity as its
degree. Combining this with the preceding Lemma,
we obtain the following

Theorem. The set of the eigenvalues of K in each
subspace 3C;, consists of pairs of opposite eigen-
values (k,, —k,), these pairs being different from
each other, plus at most a zero eigenvalue.

It seems in general impossible to compute ex-
plicitly the eigenvalues of K, the computation de-
pending on the solution of high degree algebraic
equations. This is the main drawback of our method.
It can be seen that these eigenvalues generally are
not rational funections of j,, j,, js. However, when
the 3C;, subspace is of low dimension, i.e., for the
highest possible values of J, the computation is
possible. We thus find the following eigenvalues
for K:

if
J =5+ + s, k= 0;
J=4+h+i—1 k= x[ip0G+ 5+ .7'3)]*}
J=h+5+is-—2 (2.20)
k= 0, :|:[4j1j2j3(j1 + jz + ]3)
- (]1 + jz + .73)(.71.72 + jzjs + jsjl)
~ Bfudads + (i + o + i) 1P

One obviously encounters the same difficulties when
computing the eigenvectors of K.

From now on we denote by [kJM} the eigen-
vectors of K, (J)?, J, in order to distinguish

them from the eigenvectors [j ./ M) of (J, + J.)%
(1)? and J,.
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3. SYMMETRICAL COUPLING OF THREE
IDENTICAL ANGULAR MOMENTA

3.1. K Eigenvectors and the Symmetric Group

The vector space 32° of the representation is also
a representation space for the symmetric group of
degree three, S,.*

To each permutation (;, i, %,) corresponds an op-
erator P;,;,:, acting on the basis vectors [m,m.ms),
which are eigenstates of J§, J2, and J3, according to

Piivia I’mlmzma) = lmi.mi.mia . (3.1

These permutations induce automorphisrms in the
algebra of the angular momentum operators, accord-
ing to

P JPih, = T (3.2}
As a consequence we have

Piii JPien = Is (3.3

P..KP7L,.. = +K, 34

when the permutation is even or odd, respectively.

The permutation group S; has two generators,
for example the interchange permutation P,,=(}};
and the cyclic permutation € = (33); from now on,
it will be sufficient to consider only the corresponding
operators.

From (3.3) we see that the subspaces 3,y are
invariant under the operations of S,. Therefore, it is
sufficient to consider the reduction of the S; rep-
resentation in each of these subspaces.

Bat, from (3.4},

P.KP7 = ~K, eKe' =K, (3.5)

which proves that (a) if & = 0, the vector [0JM}
is a basis for a one-dimensional (irreducible) rep-
resentation of Ss; (b) if k = 0, the vectors |[kJM }
and |—kJM} for each value of [k|, form a basis for
a two-dimensional representation of Ss.

Now there exist three irreducible representations
of S,: two are one-dimensional, the symmetrical one
(which we note 8) and the antisymmetrical one (Q);
one is two-dimensional, the “mixed” representation
(91},

We are now faced with two questions: (a)if £ = 0,
does the vector [0JM} belong to § or to G? (b) if
k = 0, do the vectors [kJM} and |—kJM} belong
to an irreducible representation 9%, or to a re-
ducible one?

{a) To answer the first question is easy. Due to the
very particular form of the matrix K in the basis
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{732/ M) the vectors [0JM} have nonvanishing com-
ponents only on those vectors |j.JM ), such that
12 has the same parity as the maximum (or min-
imum} j,, in the subspace 3Cry.

For a given J, the possible values of },, are
J—-i<ih<2f f J2j

J"“iijzS.j“{"J if JS]

Now
Py [jiJ M) = (=)""" |jieJM),  (3.6)
so that
P, OJM} = oM} i J >,
and
Py l0IM} = (=) [0JM}
if J £ jand jis an integer. 3.7

{When J < j and both are half-integer, the 3,
subspaces have even dimension and there are no
|0JM} vectors.]

Consequently, we know whether [0JM} is sym-
noetrical or antisymmetrical, As is well known, the
“scalar” [000} is symmetrical or antisymmetrical
according as j is even or odd.

(b) If k #£ 0, after (3.5) one sees that Py, [kJM} ~
|—kJM}, so that P, is traceless.

According to the table of the primitive characters
of S, (Table I}, the two-dimensional representations

Tareie 1. Primitive characters of 8.

rep.
class § oM @
13 1 2 1
12 1 0 -1
3 1 -1 1

which have been counsidered, can only be 9 if it
is irreducible, or 8 ++ @ if it is reducible. The eigen-
values & cannot be calculated explicitly, and thus,
we are not able to say which is, in general, the
situation for a given value k. The only information
we get is the number of representations of type 9
or of type $-+@, to be found in a given subspace 3¢, 4.

3.2. Reduction of the Symmetric Group Representation

Let us calculate the characters of the S; rep-
resentation which is induced in a subspace 3C; .
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TasLE I1. Characters of the representations of Ss in the subspaces 3¢ for J > 4.

J
class 3 3 —1 3 —2 3 -3 3—4 3-5 3—6
13 1 2 3 4 5 6 7
12 1 0 1 0 1 0 1
3 1 -1 0 1 -1 0 1

It is clear that
xs2(1) = dim of the representation

_3i—=J+1 for J > j,

(3.8)
2J +1 for J <.
On the other hand, from (3.6) and (3.7),
xsu(P1z) = Z (_)2:'—1',.
+1 for J — 3j even, i J>
_ 0 for J — 3j odd, 3.9)
J+i .
(=) for j integer, i J <

0 for j half integer,

Finally, as concerns the cyclic permutations class,
the simplest way to evaluate the character is to
remark that if &, is a subspace of given M (what-
ever J is), then

Ky =J_-Krx + Ko,y

with obvious notations.
Observing that J . commutes with the permutations
and that x,i is independent of M, we see that

Ki = Kra1 F Xoas

where «; is the character of the considered permuta-
tion in the 8; representation in X ;.

We can use this method for all permutations, and
especially for the cyelic permutations, we get

k= 2

mitmgtmgeat

6m,m,5m,ma 6m;m, = aJ.Sl '

where [ and j (and J) are integer or half-integer.
And finally,

(3.10)

So we have the complete table of characters. We
give it for J > j (Table II).

It is then easy, using the ordinary orthogonality
relations for the primitive characters, to obtain the
complete reduction of the S; representation in each
subspace J;y. Table III gives the results of this
reduction.

XJM(G) = 0s.31 — Ost1.310-

We recover the symmetry of the vectors of type
|0JM}, which we already obtained in (3.7), and
we recover also the fact that, except for the cor-
responding § or @ representation, we only have rep-
resentations of type 9 or 8 + Q.

These results provide useful information for some
6j coefficients connected with the matrix elements
of the S; representations in the subspace 3C,) (see
Appendix C).

Let us remark finally that the change of basis

ko JM} = (/V2)KIM} £ |—kIM}]

enables one to (a) reduce explicitly the representa-
tions of type § 4+ @ (i.e., the vectors |[k.JM} are
completely symmetrical or completely antisymmet-
rical); (b) to put into real form the irreducible rep-
resentations of type 9n.

4. EXAMPLES

In the following tables, we give the components
of the vectors |[kJM} in the basis |m,m.m;) for the
cases

TasLE III. Irreducible representations content of the S,
representations in the subspaces 3C /.

J > 7 (I an integer)

J =35 — 6l S+ US + @) + 2lm
J=3 —6l—1 (s + @) + (21 + 1)
J=3—6—2 8 + IS + @) + (21 + 1)m
J=3—-6l—3 (I+1}s+ @)+ (2 + 1)m
J=3—6l —4 8+ U8 + @) + (2 + 2)m
J=3—6l—-5 (1+1)s+ &)+ (2 + 2)m

J < j, jinteger; [l an integer, and ® = § (resp. @) if j and J
have the same parity (resp. opposite parity)]

J =3l R+ IS + @) + 2Im

J=3l+1 ®RA4+US+a)+ (2 + 1w

J=3l+2 ®R+IU8+a)+ 2+ 2)m
J < j, j half-integer; (I half-integer)

J =3l 1+ 38 + @) + 2lm

J=3l+1 (¢4 3x8 + @) + (20 4+ 1ym

J =342 T+ D8 +e)+ (2 +2)m
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TaBLE IV. Case ji = j» = j; = }, where o = exp(Zir).

44 =+ ++-) |-+
[0, 3, £} 1
0, % 3} 1/+/3 1/+/3 1/v3
| + V3, 4 3} w*/v/3 1/4/3 w//3
| = V3 b 3] o/VE  1VE V3
h=f=js=1% (TableIV),
1= Ja = .’ia =1 (Table V).

Observe that for these values of j, the dimensions
of the subspaces 3C;, are always lower than three,
so that the reducible representations 8§ 4+ @& do not
appear. This only occurs for j > 2.

We obtain the coefficients corresponding to M < 0
by noticing that

{kJ —M | _m]_ _m2 _m3>
= (=)t (LT M | mymams).

In this particular case, we notice that the states
of the type

VB, §, m} = (I/vR)[IV3, 3, m} £ |-V, §, m}]

are nothing else but the basis states which correspond
to the usual coupling |, 3, m) for j,;, = 1, 0.
This comes from the following fact: the subspaces
J = 1, M = =} are two-dimensional and, in each
of these subspaces, the induced S; representation
is irreducible, which is already true with the usual
way of coupling.

5. CONCLUSION

We have shown that a new coupling scheme for
three angular momenta is obtained by diagonalizing
the K operator. In this scheme, the individual
angular momenta are treated alike. As a conse-
quence, when these are equal, the eigenvectors of
K and the total angular momentum belong to sub-
spaces which are irreducible with respect to the
representations of the symmetric group S;. These
eigenvectors have thus simple symmetry properties.
These should be useful when one deals with spin
or isospin states for three bosons® or three fermions.

(This work was practically completed when we
learned that Dr. Chakrabarti had simultaneously ob-
tained similar results.”)

6 Such three-pion I = 1 isospin states have been used for
instance by A. J. Dragt, J. Math. Phys. 6, 533 (1965).
7 A. Chakrabarti, Ann. Inst. Henri Poincaré 1, 301 (1964).

THREE ANGULAR MOMENTA 1377

ACKNOWLEDGMENTS

We thank F. Lurgat for the interest he took in
this work and for many useful remarks and H.
Goldberg who carefully read the manuscript.

APPENDIX A

We want to evaluate the matrix element

(I M| (Jo + Jo)° ljrad M). (A1)
This reduces immediately to
[z + 1) + 5205 + D180,
+ 2 (oI M| J>-Ts i M).  (A2)

But J,-Js is the scalar product of two irreducible
tensor operators operating respectively on the (1-2)
and (3) parts of the system. Standard methods*
show that

GaT M| o Ts \juod MY = (—1)""”-“{" Js "‘2}
1 e s
X (o 12| 312G 1111 42)-

The reduced matrix element (57, ||/2|| ji2) can be
evaluated by similar methods:

(A3)

(te [1T2]] i) = (= 1)+ (24, + D@2, + D]

A AV
b 2 B, @

Finally, since

GIIN D = [iG + D@+ DP,

we obtain

(A5)

<.7{2JM[ Jz'Ja i]lZJM> — (_1)i:+i.+ia+iu+1"u+l+1
X (20 + D(2f2 + DisCs + (245 + DI
X [@he + D@jl> + DI
x {J i 1:2}{73 i ﬂZ}_
1 gz 3s) U0 Gz g
This matrix element is nonvanishing if and only if
the selection rule

(A6)

[.7;2 - jlzl S 1 (A7)

is satisfied. We could have evaluated the matrix
elements of (J. + J;)° in the basis [j:/ M), and
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then transform back to the basis [j,;JM). Such a
method gives the formula

GT M| (J2 + Jo)* linzd M)
= [(2j12 + 1) (2.’if2 + 1)]} Z jzs(jza + 1)(2j23 - 1)

fas

% {a i jn}{jl in j{z}. 48)
.3 J j23 jﬂ J j23
The preceding computations furnish us with the
value of this sum.

APPENDIX B

Lemma. In each subspace 3C,u, the eigenvalues
of K are different from each other

Proof.® It depends only on K being a Jacobi
matrix. Let P;(A), j = 1, --- , n, be the principal
minors of the matrix —K + Al

( A toy T
—tay A tas O
P\ = det iy A B1)
© N deyy
L —da N

We get at once the following recursion formula:

Pi(A) = ZP;.,(A) — o iPi—s(N) (B2)

with

Po=1, P, =\ B2

so that
P, =\ — &, ete.

Two successive polynomials P;_; and P; cannot have
a common root. If they had, after (B2) and since
a;_, #% 0 (See 2.17), this common root would also
be a root of P;_, « - - , then of Py, which is impossible.
We show now that the roots A of P; strictly
separate the roots A{*" of P,,,, i.e.,

—w < AT < AP < Al

<N AT A <MY < 4. (BY)

This is obviously true for P, and P,. Suppose it to
be true for P; and P;_,,

—o <N <AV

<A s A AT <A < 4. (BY)
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But, after (B2),
Pia) = MA = A - (0 =)
= =N =AY (BY)
Then
Pia”) = —afN” — A7) - 60 = NGY).
(B5)

After the hypothesis (B.3"), P;.,(\i"’) is of sign
(—=1)"***1, P;,,(\) modify its sign between A = A{"
and A = A\{?,. There is thus at least one root of P,
between two successive roots of P;. But, on the
other hand, for A positive great enough P;,;(A) is
certainly positive although P;.,(A{"’) < 0. So, there
is a root of P;,, greater than A{"’. In the same way,
one shows there is a root of P;,, smaller than A{".
But P;,, cannot have more than (j 4+ 1) roots.
We have then proved the inequalities (B.3). In par-
ticular, all the roots of any given P; are different
from each other. This is true in particular for j = =,
that is for the characteristic polynomial of (—k-2A1).

APPENDIX C

We have seen that, when dealing with three equal
angular momenta j, each of the subspaces JC;y is
a representation space for a representation of the
symmetric group S;. It is easy to derive explicitly
the matrices corresponding to each element of S;
in this representation. Their matrix elements are
6 j-symbols. We introduce the matrices L, M, N
with the following definitions:

Lu = (—l)bakn (Cl)
M. = [k + D@L+ DI} 7 3, (C2)
Nu = (DY@ + D@L+ DI} 7 1}.  (C3)

These matrices are orthogonal and possess some
remarkable properties (due to those of the 6 j-
symbols):

MM™ =1, M=MT",
or M=M =M M =1 (C9
NN" =1, N'=NT,
or N>=N"=N7", N® =1, (C5)
and
MN = NL, N=LM, NM = L, etc --- . (C6)

The elements (1, @5, ®x, ®sy, €, €°) of S, are,
respectively, represented by the matrices (1, L, NL,
M, N, N?). We can use the relations (C4), (C5),
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(C6), to verify the group law. But since we have
reduced the above representation into irreducible
components, we can derive some results about the
matrices M and N. At first, since M/ belongs to the
conjugation class of the transpositions as do L, M
and L have the same eigenvalues. Actually, the
relation

or MN = NL (o1))

Z M Ny = (_l)kNik

shows that M has eigenvalues (—1)* with the kth
column of N as eigenvector. This is a known result.?

What is more interesting is the computation of
the eigenvalues of N. Due to the fact that N is

8 M. E. Rose and C. N. Yang, J. Math. Phys. 3, 106
(1962).
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real with N° = 1, these eigenvalues consist of 1
with multiplicity @, « (= ¢!'") and »® with the same
multiplicity b. Naturally,

3j —J +1 for J 27,
2J +1 for J <.

But on the other hand we have already evaluated
the character of the class to which N belongs.
[See (3.10)]. Thus

TrN =

a-+2b=dimN = (C8)

a—b

+1 3l
= 30 for J of the form 3! 4 1 resp. (C9)

-1 3L+ 2

Combining (C8) and (C9), one gets @ and b.
Other properties can be obtained in the same way.
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In this note we investigate the possibility that the inhomogeneous Lorentz group is only a sub-
group of a larger Lie group G of symmetries for strong interaction physics. The discussion is restricted
to the Lie algebra £ of G. We make the assumption that the remaining generators 4; of G commute
with the generators of translations P*» which build the ideal 3 in £. It is then shown that the A;
generate an ideal in £ modulo 3. If this ideal is semi-simple then £ breaks up in a direct sum
£ = @ @ @, where @ is isomorphic with the Lie algebra of the inhomogeneous Lorentz group and @

is semisimple.

1. INTRODUCTION

T is interesting to discuss the various possibilities
of mixing “internal symmetries” in strong in-
teraction physics with Lorentz invariance. However,
this cannot be done in an arbitrary way as was
recently shown by McGlinn.! We take here a point
of view closely related to McGlinn’s, by assuming
that the inhomogeneous Lorentz group is only a
subgroup of a larger Lie group G. This is not the
only possibility as pointed out by Michel* who as-
sumes the inhomogeneous Lorentz group to be only
a factor group of G. However, we do not discuss here
these other ways of interrelating internal symme-
tries and Lorentz invariance. In fact we restrict
our discussion to the Lie algebra of @, call it £. Our
main hypothesis will be that it is possible to choose
a basis of this algebra in such a way that:

(i) The generators of the usual translations P",
0 <€ X £ 3 and homogeneous Lorentz transforma-
tions M,, = —M,,, u, » = 0, 1, 2, 3 have their
usual commutation relations (this being another
way of describing the fact that the inhomogeneous
Lorentz group is a subgroup of G);

(ii) The other generators A;1 < ¢ < n commute
with P. This assures that any irreducible repre-
sentation of our group G will be characterized by a
common mass so that we do not expect the relation
of internal symmetries to Lorentz invariance to
account for the actual mass splitting within the same
supermultiplet. Had we only assumed [4;, P°] = 0,
then Lorentz covariance would require it to be true
in any frame so that [4;, P] = 0 whatever the index
. Now we will show the following:

* Work supported in part by U. 8. Atomic Energy Com-
mission.

t On leave from Service de Physique Théorique, C. E. N.,
Saclay, B. P. Nr. 2, Gif-sur-Yvette (Seine-et-Oise), France.

1'W. D. McGlinn, Phys. Rev. Letters 12, 467 (1964).

2 L., Michel, Phys. Rev. 137, B405 (1965).

Theorem: Under assumptions (i) and (ii), the P*
generate an ideal 3 in £. The images of the A, under
the application £ — £/3 = £’ generate an ideal
@' in &', If we assume that this algebra @’ is semi-
simple, then £ is equal to a direct sum of Lie algebras
£ =@ @ ® where @ is isomorphic to @’ and @ is
isomorphic to the usual Lie algebra of the inhomo-
geneous Lorentz group.

This result is in some sense parallel to the one of
MecGlinn’s. The essential difference being here that
in order to split £ into this direct sum one may
have to change the labels of the operators. Before
proving the theorem in Sec. 4, we recall in Sec. 2
some definitions about Lie algebras and devote Sec.
3 to the proof of two lemmas which will clear the
way. Section 5 gives some comments on our result.

For convenience we choose all our Lie algebras to
be on the real numbers. In this way P* and M «» have
the commutation relations of 3/dz\ and z,0/92" —
x,8/9x”, respectively. The Greek indices will always
run from 0 to 3; g,, = g*” is the usual diagonal real
Lorentz metric. We use freely of g,, to raise or lower
indices.?

2. DEFINITIONS

To make our language precise, we recall briefly
some facts about Lie algebras. For details one can
refer for instance to Helgasson’s book.* By Lie
algebra £ over R, the real numbers, we mean a finite
dimensional vector space over B with an internal
bilinear product satisfying [z, z] = 0 and the Jacobi
identity

[z, [y, 2]l + [y, 2, 2] + [z, [, ¥]] = 0.

3 Whenever two indices, one upper and one lower, appear
in the same formula and are equal, they are meant to be
summed over; the summing for Greek indices to be from
0 to 3, the summing for Latin indices to be from 1 to n.

4 8. Helgason, Differential Geometry and Symmetric Spaces
(Academic Press Inc., New York and London, 1962).
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A subalgebra of £ is a vector subspace closed under
the product. An ideal is a true vector subspace 9 C £
such that for any Il € £ and 7 € 4, [I, 7] belongs to
g. The factor algebra £/d is the factor vector space
with the inner product inherited from £. We shall
say that a Lie algebra £ is a direct sum of two ideals
£, and £, and write £ = £, P L if [I, L] = 0,
[l{) l{,] = e £1, [léy l{,,] € £2; ll) ll,) l{’ E ‘81) l27 lé; lé, E
£, and if any element ! in £ can be uniquely written
as I = I, + .. Mathematicians often call £ the
direct product of £, and £,.

Given | € &£ the linear correspondence & —»
[l, ] = adj (I):-x has the property adj I’ adj I’ —
adj I adj I’ = adj [I, ] and defines the adjoint
representation of £: adj (£). If the symmetric bi-
linear form K (I}, I'’) = Trace adj I’ adj I is non-
degenerate, the Lie algebra is called semisimple. In
this case £ has no Abelian ideal except zero, and its
center is also zero. Finally, by derivation on a Lie
algebra one means a linear correspondence x — Dz
with the property

Dz, y] = [Dz, y] + [z, Dy].

These derivations themselves build up a Lie algebra
D(L), with [D’, D] = D'D"” — D”D'. It is easy to
see that the adj (£) is an ideal in D(L) (in this re-
spect adj I is also called an inner derivation of £)
with

[D, adj 1] = adj D()).
Now the main result we shall use is the following,

Theorem: For a semisimple Lie algebra every deri-
vation is an inner derivation. In other words, ©(£) =
adj (£). The proof of this theorem is given on p. 122
of Ref. 4.

3. TWO LEMMAS

In this section we prove the following two lemmas:

Lemma 1: Suppose that we have a Lie algebra
over R and that, in terms of a basis P", N,,, the
following commutation relations hold:

[P)‘r Pp] =0, [er Nw] = 6:Pv - 6:‘Pu1
[Nl:hl Nﬂs'a] = gl‘xh NV:M: + g"ll‘s Nuil'z
- gunl‘n NV:I’: - gl‘l": N“X“!

A
+ amn.usu,)\P ’
N,, = —N,,

ey

and
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Qpovypgrsh = ““Qpipy,ngvsi)

T Quyyy e T T Gpara parai e (2)

Then the Lie algebra just described is necessarily
isomorphic to the one of the inhomogeneous Lorentz
group.

Proof of Lemma 1°: The statement of the lemma
can be rephrased in the following way. There exists
a set of (real) coefficients f,,..» such that putting
L,, equal to N,, — f.,.P", the L,, and P* generate
the same Lie algebra as before; however, these new
operators have among them the usual commutation
relations of the generators of homogeneous Lorentz
transformations and translations, respectively, that
is, this change of basis has the virtue of suppressing
the “g@’’ coefficients in the commutation relations
(1) when they are written in terms of P* and L,,.

We have to make sure that our Lie algebra satisfies
the Jacobi identities:

[Nlu'n [Nﬂal’af Nﬂ:':]] = O'
circular permutationof 1,2,3
This gives us a set of linear relations among the
coefficients a,,,, u.r. .20

(gmv-au:n.vwx.)\ + GrapsQuiri pars A

circular permutation
0f1,2,3

= Gvava@urvy pens A T Guans@pars,vavs n

+ [/ P T gl'x)\aluhnlla':.lh) = 0. (3)

Our task now is to find the most general solution
of these equations. Let «, 8, v, 8 stand for 0, 1, 2, 3
in any order. Because of the symmetry properties
of the a’s, we have only to compute the following
quantities:

Qag.av,b; Qap,v8,55 Cap.av,a; Gab.fy.v-

The value of all a,,,, ..»..» is then related to the
preceding ones using (2). Let us first write (3) for
M = ajvl =7)”’2 =ﬁ)”2 = 6,“3 =a)”3 =Byand
= a:
GaalOss,ap,y T Gay.p5.8 — Gps.p7.0)
+ gﬁﬂaa’y,ﬁa.a = O' (4)

Nowweputin By u; =a,vi =8, s =, v, =7y, 13 =
a,v; = 8, N = S

(JaaGas.ns 6 + Gay,58.8 + Cas.py.68)
+ 9sslay.as.c = 0. (5)

& In spite of the simplicity of the lemma, the author was
unable to find a simpler proof than this rather lengthy one.
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Let us add (4) and (5):

Ags, 8.9 T Qsa,v8.8 = Qy.58,0 T Gys, ap.p- (6)
Call
<Pga-, = Og;, a8, T Qsa,v8,8-
Obviously, -
8
P say = _ﬁoﬁn&'y' (7,)
Equation (6) when translated in terms of ¢ reads
¢Bba1 = Qoﬁ‘y&a- (7”)

Hence, ¢°sy; is invariant by a circular permutation
of Bvé and changes sign under an odd permutation.
We will get a new equation for ¢ if we write (3) with
M=,y =0 u=qa v =7 =ar=24and
A= q;

Gay,a5.8 1 Qas.apy + Qap.ay.s — Gaf.vs,a
— Qay.38.a — Qas.py.« = 0. (8)
Using ¢ just defined we rewrite (8) as
‘Paa'yﬂ + ‘Paﬁsy + <Pa-ypa = (. (9)

Comparing Eqgs. (7”) and (9), we conclude that all
three terms in Eq. (9) are equal, and thus, ¢%,; = 0
that means

(10)

We now define f.s,, through the following equation
(6 being known as soon as we have made a definite
choice for af and v):

Gop,ye,s T Ay 50,0 = 0.

Ao, v3,8 = g”faﬂ,'/ with fuﬁ,'r = _fﬂa.'y- (11)
With the help of (10) we find
aaﬂ.a'y,s = gaafﬂ‘y.b' (12)
Using (4) we also get
Gopar.a = Jaalfay.a T fay.p — fap.v)- (13)

So far we have only introduced f,,., for p = » % p
with the property of being antisymmetric with re-
spect to its first two indices. We were able to express
in terms of these quantities our first three sets of
unknowns, We turn now to the last set. For that
purpose we write again (3) with y, = @, v, = 8, p, =
a, v, =7, 4g = B, s = v, and A = a. Using also (2)
we get

(14

We make a final use of (3) by setting u;, = o, », =
ﬁ;#? =7)V2 = 6}/‘3 =, V3 =’Y;a'ndk=ﬁ:

Qay.py,8 = —Qap,v8.7-

— G880ys.av.a T JrrQapsa.s — Jaalys,ra8 = 0. (15)
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We want to combine (14) and (15). Let us call
VYa.v8 = Qay gy,.8 LThe last two equations read:

‘pa,aﬂ = —‘pﬂ,ﬁav (14’)
gos¥s,va T Gyr¥s.ap + Jaa¥szy = 0. (15"

Because of the antisymmetry of ¥;, s in its last two
indices, as soon as we choose § we are left with only
three quantities linked by the last equation. The
most general solution is of the following form

'Pa.aa = gaahs.ﬁ - g,s,shs.a

with arbitrary h; s Indeed (14) and (15) are now
identities. The three h;, . hs ghs,, only appear in
the expression of the six ¥;,.6 = —¥s5.80) ¥s.ay =
—Ys.vay Vs.ay = —Vi,48 and the conditions for
solving back for the h;, with one degree of arbitrari-
ness, given the y;, - -+ are precisely Eqs. (14) and
(15).

At last we set fia,o = —fas.a = hs,o. These new
{’s are obviously independent of the ones previously
defined. Together they build up f,,,, = ~f,..,, and we
now have:

Qappy.y = Va,v8 = g'vvfaﬂ.ﬂ - gﬁﬁfav.'l- (16)
Using (2) we can unite Eqgs. (11), (12), (13), and (16)

in a single expression:

Cpivisarar = fuvawalrar — fmn.v,gu:l
- fuﬂ-,u:gvl)\ + fn:r..hguxk - gu:hfhn..k
- gvuufu:n,)\ + glhll:f’x"s-)\ + gnvjmu-.)u (17)

Equations (2) and (3) are now identities. We are
now in position to return to our Lie algebra. We set

L‘u == Nur - fy.lr.)\Px (18)

with the same f’s as those which appear in (17).

It is clear that L,, = —L,, and that L,, and P*
generate the same Lie algebra as the N,, and P
do. But in terms of these new operators, the com-
mutation relations now read [using (17)]:

[PX,P"'] =0, [P L, = &P, — BfP“,
[Lnnn Lu;v.] = gmthn: + gthnn-
- gmu:Lnn - gnhLmu-v

which are the usual commutation relations for the
generators of the inhomogeneous Lorentz group.
Hence, our lemma is proved.

Lemma 2: Let £ be a Lie algebra over E which
as vector space is the direct sum of an ideal 4 and a
subalgebra M ; if A is a semisimple Lie algebra, then
there exists an ideal N in £ isomorphiec to M and
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such that £ is the direct sum of the Lie algebras
N and 4,

£=N®A.

Proof of Lemma 2: Since A is an ideal in £ if
we choose a definite m in M, [m, a] belongs to A and
the correspondence a — [m, a] defined for every a
in A is linear. Because of Jacobi identity it is even
a derivation on 4:

[b[m, a]] + [mla, b]] + [a[b, m]] = O
can be read
[m[a, b]] = [[mr a]r b] + [a! [m, b]]

We now combine this fact, our hypothesis of the
semisimplicity of A with the theorem quoted at the
end of Sec. 2 to conclude that the derivation given
by m is in fact an inner derivation of A; that means
there exists an element ¢(m) belonging to 4 such
that, for any a &€ A4,

(19)

[m, a] = [o(m), a]. (20)

This element is unique for the equality [¢,(m), a] =
[¢2(m), a] which if valid for any ¢ & A means that
¢1(m) — @.(m) belongs to the center of A which for
a semi-simple Lie algebra is reduced to zero. We now
have a correspondence

o :M— A m—e(m).

We prove that ¢ is an homomorphism. Because of
the unicity of ¢(m), it is clear that ¢ is linear.

We use Jacobi identity and the fact that M is
a subalgebra of L.

[[m., m.], a] = [e(lmum.)), a]
= [m[m., a]] — [m.[mi, a]] = [e(m)le(m.), al]
— [e(my), [e(m), all = [le(my), ¢(ms)], a].
The unicity of ¢ gives
@21

This proves our statement that ¢ is indeed an homo-
morphism. Let us further note that

e([my, ms]) = [e(my), ¢(ms)].

[m1, e(my)] = lo(mi), o(ms)]. (22)

We define now the subset N of £. It is the image of
the following application:

Yy M—g, m—y¢(m) =m — ¢(m),

¥ is linear, and moreover, ¥ ([m,, mo]) =[¥ (m,), ¢ (m.)]
which turns N into a subalgebra of £ homomorphic
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to M. This last equality is a direct consequence of
(21) and (22). It is also clear that ¢(m) = 0 implies
m = 0. Indeed ¥(m) = 0 means m = ¢(m), but
m & M and ¢(m) & A means that m = ¢(m) =0
in virtue of our hypothesis that as a vector space,
£ is the direct sum of M and A. Hence, N is isomor-
phic to M. Further, any » in N is an image under
¢ of an element in M: n = ¥(m) so that [n, a] =
[m — ¢(m), a] = 0 because of (20).

It remains to show that any [ belonging to £ can
be written in a unique way asl = n + awithn EN
and a € A.

By hypothesis we know that I = m + o' = [m —
o(m)] + [e(m) + a’] = n + a, and this n is ob-
viously unique. This concludes the proof of Lemma 2.

4. PROOF OF THE THEOREM

We turn to the proof of the theorem. The assump-
tions made imply that the commutation relations
between our operators have the following form:

PP =0, [P\M,) =8P, — 8P,
(Miusir Ml = M oise + g0 Mo,
= GueMoiss = GoraM s
[4;, P = 0, (23)
[Ai, M) = a: 0" My + bow' Ay + Ci PP,
[4:, 4,] = d:;,"M,, + eulAz + fii,XP)\v
with obvious symmetry properties for the coefficients
a, -+, f. First, let us prove that @, ,,”” = 0 and
d;;*° = 0. We use the Jacobi identity
[P, [4., A]] + [4:, [4,, P']
+ [A4;[P", A.]] = 0.
Because of (1) it reads
d.;”[P, M,,] = 0;
hence, df; = 0. Again
[4:, M., P11 + [M,, [P, A]]
+ [P, [4:, M,.]] = 0;
a2, P M, =0
so also, a?’

o = 0.

It is clear by inspection of (1) that the P* generate
an ideal 3 in £, and so we can go to the factor Lie
algebra £ = £/3. We denote by A/ and M}, the
images of A; and M,, under the mapping £ —
£/3 = &'. Using the fact that the ¢’s and d’s are
zero, we get for the commutation relations
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M, ML) = g M, + oM,
~ Gl — oM.,
(A%, ML) = b .4l
(41, A7) = e, AL

24

Equation (24) expresses the fact that the A/ gen-
erate an ideal @ C £. We thus have proved the
first two statements of the theorem.

Not only do the A/ build up the ideal @’, but also
the M}, generate a subalgebra 9’ and, as a vector
space, £’ is the direct sum of 9" and @'. If we suppose
that the algebra @’ is semisimple, we can make use of
Lemma 2 which asserts that one can find real coef-
ficients ki, = —k;, such that defining:

N, = M!, — k;,Al, the N’, also generate an
ideal in £&’, and the commutation relations in £’ are
the same as in (24) with M?, replaced by N/, and the
coefficients b; ,, put equal to zero.

This means, going back to the initial Lie algebra,
that by replacing the M,, by N,, = M,, — k;,A. we
can manage to make the b coeflicients disappear.
Since [4;, P] = 0, [N,,, P"] = [M,,, P"|; on the
other hand,

[Nnnn N:uh] = [Muxvn M#gv,] modulo 3.
This is the same statement as
(N, Nis ] = [M],,., M[,] in &.

In other words, the Lie algebra £ is also generated
by P*, N,,, A; with the commutation relations now
reading

[P, P] =0,
[P*,N,] = &P, — &P,
N Niwwd = uraNoiis + 800N,
= oV rirs = GroraNoaia + Misrsssara o P
[4:, Nul = ¢ P,
[4:, 4] = el Ay + fii0P

(25)

We now observe that P* and N,, generate a sub-
algebra in £, and the commutation relations are
just the ones discussed in Lemma 1 where it was
proved that there exist linear combinations

L,=N, — P =M, —ki,A;, — 1,,\P",

such that P* and L,, have the same commutation
relations as the previous P* and M,, had. Again P*
commutes with 4, so that

[4:, L] = [4,N,,), and also, [P*, L,,] = [P, N,.].
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Hence, our algebra £ is still generated by P*, L,, and
A;, but we now have the commutation rules:

[P P =0,

[P*, L) = &P, — &P,
(Loirsr L] = Guunalniss + @raiaLiins

= GuumLvirs = Gouva L
[4.,L,] = Ci.uv.xPx,
[4;, A;] = el;A; + fi; 2P

(26)

We have not yet made full use of the Jacobi identities
in £. Indeed we have to make sure that

[4:, (L, Lyl + [Ly,, [Lpe, A}

+ [L.., [4:, L,,]1 = 0.
Using (26) we get
= Ciprudnn T Ciprsfin
Civonduor (27)

We now try to find the most general solution of (27).
Let usputin 27) p = p # » % oc and A = ». The
result is

Cipv,pFar — Ci uw,afpn

= ci,vp,)\guv + ci.na’.)\gvp - ci,np.)\gvv -

gvvci.uv.p = gunci.va.v'

Hence, ¢; u0.u = —guDi.s, Where the p;,, are some
real numbers.

Again let us write (27) with p = p # v £ ¢ # N
which is possible since we have four values at our
disposal. The result is ¢;,,,» = 0 if X\ is different
from » and o. Combining this result with the previous
one, we get

ci,ln,v = gwrpi.u — Gudli, v (28)

In writing (28) we have also made use of the fact
that ¢; .0 = —Ci,pu.0. Using (28) one can now check
that (27) is an identity. We set B, = A; — p;..P"
Now [B;, L,] = 0, and since [P", 4,] = 0 and
[P", P*] = 0, we also have

[B:;,B;] = [4:,, A;] = 6iilAz + fii.)\P)‘
= e,;'B, + fl;.P,

with 4,5 = fii» + €:;'D1 . The last Jacobi identity,
namely

[[BiBi]r Luv] + [[Biy Luv]Bi] + [[Lun Bi]r Bl] = 0

tells us 2; \[P", L,,] = 0; that is, f};» = 0.

Our proof is now complete since using the as-
sumptions of the theorem we were able to show that
starting with a set of P, M,,, and A satisfying (23)
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there exists a set of numbers k,,°, 1, , ;.. such that
setting
L,=M, —k, A, — 1, P

B, = A; — p..P,

the P*, L,,, B, generate the same Lie algebra as be-
fore, but their commutation relations now read

P, Pl =0, [P L, =38P — &P,
[Luvis L] = guivalniss + GrinaLies,
= GuweLovivs — Grivaliirnn
(B:, L,] = 0,
= ¢,;'B,.

and (29)

(30)
[B., P']

[Biy B:]

i

Hence, we have succeeded in splitting our Lie algebra
into a direct sum of two algebras, one generated by
the P* and L,,, call it ®, isomorphic to the one of
the generators of the inhomogeneous Lorentz group,
the second generated by the B;, call it @ with @ semi-
simple. @ is clearly isomorphic with @' introduced
earlier. The theorem is proved.

5. REMARKS

The crucial point in Sec. 4 was in assuming that
@' is semisimple, This of course has not much to do
with any kind of physical assumption. However, as
our discussion shows, if we keep the hypothesis that
[4;, P"] = 0, the only way to get a final answer dif-
ferent from the one given in the theorem is to find a
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Lie algebra @ such that it should be impossible to
interpret the derivations 4; — [M,,, A}] as inner
derivations. A typical case would be the following.
Call © the Lie algebra of derivations on @’ and D'
the Lie algebra of inner derivations on @'. If there
exists a nontrivial homomorphism of the Lie algebra
9% of the homogeneous Lorentz group in /D', then
the last conclusion of the theorem would be false.
By nontrivial homomorphism, we mean any homo-
morphism except the one which sends 91 on
0 € ©/9'. In our previous considerations we made
the assumption of semisimplicity in order to assure
D/®' = 0 which forced the homomorphism M —
D/D’ = 0 to be the trivial one. We see that the
theorem extends to the case where @ has zero center
and 9 — D/D’ has to be the trivial homomorphism.

In conclusion one can point out the parallelism
of this result with McGlinn’s theorem which assumed
that [A;, M,,] = 0. The outcome was then that the
A, generate a subalgebra @ of £; if this subalgebra
was supposed to be semisimple (or more generally
to have no abelian factor algebra®) then [4,, P = 0
and £ splits into @ P .
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ATpurely covariant approach to general relativity, using the equation of geodesic deviation, is
adopted. The physical interpretation is essentially that due to Pirani, but instead of using clouds
of particles to analyze the gravitational field, a “gravitational compass” is proposed which fulfills
the same purpose. Particular attention is focussed on the different roles played by the matter and
the free gravitational field. The latter splits up conveniently into a super-position of a transverse
wave component, a longitudinal component, and a “Coulomb’’ field, all of which introduce “shearing’’
forces on the gravitational compass, while the matter contributes a general contraction. Applications
to the Friedmann cosmological models and the problem of interacting gravitational waves are discussed.

1. INTRODUCTION

HE general principle of covariance makes the
task of interpreting coordinate systems in gen-
eral relativity an exceptionally difficult one. Indeed
the only statement which general relativity makes
about coordinates appears in the principle of equi-
valence, which is expressed mathematically by the
fact that at any point of a Riemannian manifold
the Christoffel symbols I';, can be transformed away.
A genuine gravitational field corresponds to a man-
ifold in which this cannot be done everywhere si-
multaneously; that is, the covariant curvature tensor
R.».s must be nonvanishing. Consequently, we must
concentrate our attention on this object if a satis-
factory interpretation of general relativity is to be
found.
The second fundamental assertion of general rela-
tivity is the postulation of the Einstein field equa-
tions,

Gy =Ry — 1/2Rgab = —T. (1)

This equation reveals a peculiar dichotomy in the
role of matter in general relativity; for on the left-
hand side we have a geometrical object, to be
measured by clocks and measuring rods, whereas
on the right we have a dynamical quantity to be
measured by pushing it around and observing the
reaction. To resolve this difficulty we must realize
that there are nongravitational fields such as electro-
magnetic and nuclear fields which give matter prop-
erties of solidity and hardness and allow us to carry
out dynamical experiments. In a purely gravitational
theory such as general relativity it is only the left-
hand side of (0) that has a meaning; in this paper
the point of view is adopted that the matter is given

* This work was carried out under tenure of a Common-
wealth scholarship.

t Present address;: CRSR, Cornell University, Ithaca,
New York.

by the geometry rather than the other way around.

The full Riemann tensor has 20 independent com-
ponents whereas E,; has only 10. The following de-
composition shows up the interdependence most
clearly":

Rabcd = Cubcd + ga[cRdlb

+ Ra.iegare — (2)

The Weyl tensor C,,.s has the symmetries of a
vacuum Riemann tensor; hence, it has 10 independ-
ent components which at any point are completely in-
dependent of the Ricci tensor components. We say,
therefore, that it corresponds to the free gravitational
field. Globally, however, the Weyl tensor and Ricei
tensor are not independent, as they are connected
by the differential Bianchi identities Rgp(ca:e; = O.
These identities determine the interaction between
the free gravitational field and the field sources; they
will be discussed in greater detail elsewhere.

In this paper the physical interpretation of the de-
composition (2) is discussed in some detail. Pirani’s
approach® from the equation of geodesic deviation
is adopted, but his ‘“‘dust cloud” experiments are
tidied up by using a tetrahedral arrangement of
springs. It is to be emphasized, however, that the two
descriptions are completely equivalent, the one a-
dopted here only being preferred because of its
simplicty. It is shown by means of the Petrov clas-
sification how the local free gravitational field is
composed of the linear sum of three distinct com-
ponents—a transverse wave, a longitudinal wave,
and a Coulomb component, each having a character-
istic effect on the gravitational compass. An applica-
tion to the Friedmann cosmological models makes
it clear that it is just in the existence of such free

1
§Rgalcgdlb°

1 Square brackets denote antisymmetrization, e.g.,
A[abc] = (1/31)(Aabc - Aavb + Abca - Abao + Acab - Acba)~
:F. A. E. Pirani, Acta Phys. Polon. 15, 389 (1956).
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gravitational fields (that is, in Weyl tensor com-
ponents) that the Einstein theory differs most es-
sentially from the Newtonian.

2. THE PHYSICAL INTERPRETATION OF
THE PETROV CLASSIFICATION

Pirani and Schild® have given a physical inter-
pretation of the Weyl tensor in terms of the devia-
tion of null geodesics. While this approach has the
advantage of being conform invariant, we shall con-
sider only the deviation of timelike geodesics, as
this appears to bring out the Petrov structure more
clearly.

Consider a geodesic observer whose world line has
unit tangent u* = dz*/ds

. b
uu' = —1, Uy = Ug:st

Az’ . dat dx")

- (ds2 + Lo s ds )9 = 0.
The signature is taken to be +2. Let dz° be the
displacement vector between neighboring geodesies
(u.dz® = 0). Then the equation of geodesic devia-

tion* reads
8i° = Ry.u'u’sx’. (3)

Hence, the symmetric tensor K,, = R, ..u'u’ may
be thought of as representing the gradient of the
gravitational force in the instantaneous 3-space of
the observer. Pirani’ has suggested that the physical
components of the Riemann tensor can be deter-
mined by experiments consisting of throwing up
clouds of test particles and measuring the relative
accelerations between them. A more straightforward
and rather less cumbersome procedure is the follow-
ing. Consider a tetrahedral arrangement of springs
connecting three test particles to the central observer
and each other, as shown in Fig. 1. At the instant of
measurement the observer ‘“‘drops” the apparatus
(i.e., sends it on a geodesic tangent to his world
line), and observes the strains on the springs. As
the symmetric force distribution K,, has six in-

Fra. 1. The gravitational
compass.

3 F. A. E. Pirani and A. Schild, Bull. Acad. Polon. Sci. 9,
543 (1961).

¢ See for example, J. L. Synge and A. Schild, Tensor
Calculus (Toronto University Press, Toronto, 1949).
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dependent components, the strains on the six springs
determine it completely as the solutions of an ele-
mentary problem in statics. When the strains on the
diagonal springs Si,, Si3, S.s vanish, then the springs
S, 8., S; connecting the three test particles to the
observer lie along the principal axes of K,,. Thus
the device maps out the local gravitational field and
and an appropriate name for it is a “‘gravitational
compass.”’

Substituting (2) into equation (3), we get
88° = Cr.uu’ox” + Rou'u’)ox® — 3Si62°,  (4)
where

hay = gay + s,
Sac = hghind - % bdedhac'

Thus the force gradient K,, is made up of a sum of
three terms appearing on the right-hand side of (4).
The first term is the contribution of the free gravi-
tational field; it is to be thought of as introducing
“shearing” forces, since it is symmetric and trace-
free. The second term gives rise to an ‘‘expansive”’
force iR, u’u’h?, while the last term represents a
further shear introduced by the matter present.

In order to analyze the Weyl tensor contribution
in (4), it is convenient to set up a tetrad of null

vectors. To do this we supplement %" with an ortho-
normal triad of spacelike vectors §% ¢°, ¢°, and put
1 2

k= u’+ s, t* = (1/V2)(e" + ie"),

,, ®

m = %sa _ua)’

= (1/V2)(* — ie).
1 2
The null vectors k%, m?, i*, I* satisfy the quasiortho-
normality conditions
kom® = 81" =1, k& = k¢
= m,m’ = m,t" = {,° =0, (6)

and, following Sachs®, we can decompose the (com-
plex) Weyl tensor into null-tetrad components:

Casea + 1Chea = CVVau Vo
+ CO(VuM.s + MoV,
+ COM Mo+ UnVes + VaUs)
+ COUuM.y + MuU) + CPULU., (D)
where
Vo = 2kt Uy = 2mpty,

Mub = 2k[amb] + 2l[otb])
5 R. Sachs, Proc. Roy. Soc. (London) A264, 309 (1961).
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and C%_, is the dual of the Weyl tensor,
Clea = %("g)ifabiiciicdy

where €,.q is the Levi-Civita alternating symbol.

The different Petrov types can be distinguished by
the possibility of setting various combinations of
the coefficients C*’ (u = 1, --- , 5) equal to zero
in a suitable frame.” Thus Petrov type N is char-
acterized by the fact that there exists a null vector
k, satisfying

Cabcdka = 07

and by adapting the tetrad (5) to this null vector
we have that C® = ¢® = ¢¥ = C*® = 0. By
a spacelike rotation ¢* — ¢*’t* it is furthermore
possible to make C" real. Any observer moving
in a timelike direction %* can set up a frame in
which these conditions are satisfied, and the devia-
tion of free test particles about him will be given by
substituting into (3) and making use of (5):

8i° = 10V (e%, — e%.)oz". (8)
11 22

This exhibits the well known transverse character

of Petrov type N fields®; ¢* and ¢ are a pair of polar-
1 2

ization axes lying in the plane orthogonal to s°
[Fig. 2(a)]. As this character is completely independ-
ent of the observer u°, we call these fields pure
transverse gravitational waves; s° is the wave direction
relative to the observer u”.

In Petrov type-III fields there exists a null vector

satisfying
kak[acablcd = 0’

and by choosing k, in (5) along this direction we
have C* = € = C® = 0. A spacelike rotation
can again be used to make C” real. The second
term on the right-hand side of (7) will then con-
tribute a deviation

85 = 10 (5%, + €%s.)6x°. 9)
1 1

Thus the force distribution has a planar character
similar to that in (8) but this time the plane contains
the wave direction s,; thus we may term this a
longitudinal wave component. The polarization axes
are tilted at 45° to ¢* and s* [Fig. 2(b)]. In general

1
there will be a transverse C**’ term such as (8) super-
imposed on the longitudinal component, but there
is a special class of observers who can make C’ = 0.
This is the class of observers for which u° lies in

¢ F. A. E. Pirani, Phys. Rev. 105, 1089 (1957).
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(a) {b)

(c)

Fia. 2. The forces on the gravitational compass arising
(a) from a transverse gravitational wave, (b) from the longi-
tudinal component, and (c) from the Coulomb component.

the timelike 2-space spanned by the two Debever
vectors k, and m,.
The C® term of Eq. (7) gives rise to a contribution
85" = C{P[s%, — 3(e%. + e%.)]oz°,
11 22

(10)
where
C® = CP® 4+ 0.

This force distribution has the effect of distorting a
sphere of particles about the observer into an ellipsoid
which has s® as principal axis and is degenerate in
the plane perpendicular to s [Fig. 2(c)]. This is
typical of the behavior of particles falling in towards
a central attracting body with the inverse square
law (e.g., in the Schwarzschild solution, or in New-
tonian theory). Hence, we call this term the Coulomb
part of the field; the strength of the Coulomb field
is given by the real part of C*®. In a field of Petrov
type D it is always possible to find & frame in which
CYV =(C% =¥ = C® = 0, and hence, an ob-
server for whom the force distribution will take on
the appearance of Fig. 2(c).

In a Petrov type-II field the best we can do is
to make C® = C® = C*® = 0, so that it can be
viewed as a Coulomb field with an outgoing wave
component superimposed. In the algebraically gen-
eral case (Petrov type I) we must always get some
contributions from C* and C*’ as well; at best
it is possible to find a frame in which C® = C¥ = 0.
To an observer in this frame the field will appear
as a Coulomb field with incoming and outgoing
transverse waves superimposed along the principal
axis of the Coulomb field. This setting up of pre-
ferred frames with which to look at the gravitational
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field is completely analogous to the setting up of
canonical frames in electrodynamics.”

3. THE EFFECT OF LORENTZ
TRANSFORMATIONS

The preceding section demonstrates how an ob-
server may use a gravitational compass to establish
the force gradient of the gravitational field in his
instantaneous 3-space. However, this is by no means
the whole story. To find all physical components of
the Weyl tensor we must consider observers with
other velocities, that is to say, we must investigate
the effects of a Lorentz transformation. Consider
first a timelike rotation of the null tetrad in the (k, m)
plane,

ki = {(1 + 0)/(1 — )},
m, = {1 — o)/ +)}im,, £ =t,.

This corresponds to a simple Lorentz transformation
to an observer u’® traveling with velocity » in the
8" direction. Then

C'Y = §Ca U U™

= C(1 = 9)/1 + 1),
¢ = —1Cu. UM

= 2@ /0 + 9}, ap
C'® = JCou ™M™ = C©.

Thus in Petrov type N, by increasing his speed in
the wave direction s,, the observer experiences a
weakening of the wave amplitude by the factor
(1 — v)/(1 + v), and by a Lorentz transformation
in the opposite direction he observes a corresponding
increase in the amplitude. The same is true for the
longitudinal type-III component except that the fac-
tor is {(1 — v)/(1 + v)}!. C® is invariant; hence,
the Coulomb strength is unaffected by such a trans-
formation—the spring strains on the gravitational
compass will be independent of the radial speed of
the observer.

Consider now a transformation to a frame travel-
ing with velocity v in the e, direction,

1

w® = W +ve)-(1 — A7t

In order to compensate for aberration it is necessary
to supplement the simple Lorentz transformation
with a rotation in the (s,, e,) plane—that is, we

1
want k° to point in the s&’* direction. The desired

7 J. L. Synge, Relativity, the Special Theory (North-Holland
Publishing Company, Inc., Amsterdam, 1956).
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Lorentz transformation can be achieved by the fol-
lowing rotation of the null tetrad:

k= k1 — o)},
1 = 1+ k/Ve,
m® = (1 — ) m® — {200 = AVHE + 1)
— k**/2(1 — )L

From Eqgs. (6) and (7) we can find the transformation
of the C*’s under this Lorentz transformation. In
particular if we are transforming from a canonical
observer in a type-D field, we get

' = C®3 /1 — 0P,
C'® = C¥3u/{2(1 — M)},
C,(a) — C(a).

As v — 1 the C* part dominates; for an observer
rushing past a Schwarzschild source at a speed close
to the fundamental velocity, the field will take on
the appearance of a transverse gravitational wave.®

A vacuum gravitational field can be completely
determined by means of these two Lorentz trans-
formations. By using two gravitational compasses
traveling at a relative velocity with respect to each
other in the s, direction, the observer can determine
all components of the Weyl tensor except Cs¥. This
is clear from (11) since C*® is left invariant by this
transformation and only the real part enters into
the equation of geodesic deviation. A third compass
traveling in the e, direction can be used to deter-

1
mine the imaginary part of C**’ as well. The presence
of matter can in general be detected by a contraction
on the gravitational compass since

K, = Rabuuub = %(Tu -+ Tzz + Ty ~ 3T00),

which has a negative value for all physically realistic
matter fields of nonzero rest mass. If matter is
present, at least four compasses will be needed to
determine the gravitational field, since the curvature
tensor now has 20 independent components.

4. APPLICATIONS
A. Presence of a Null Electromagnetic Field
In this case
R, = —T,, = —Ak.k,, kk* = 0.
If u, is any timelike vector with k, = u, + s,, then
Ruuu® = —A,  Su = —A(s.8 — 3ha),

8 F. A, E. Pirani, Proc. Roy. Soc. (London) A252, 96 (1959).
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and from (4) the total contribution to the geodesic
deviation arising from the electromagnetic field is

—1A(e%, + e%e,)ox’.
11 22

That is, the electromagnetic field contributed an
axially symmetric contraction about the wave direc-
tion. If the electromagnetic wave is accompanied by
a pure transverse gravitational wave (cf. the p-p-
wave solutions of Kundt®), the directions of polariza-
tion of the gravitational wave will not be affected
by the electromagnetic field, but the circle of ac-
celerations will now develop an eccentricity.

B. Friedmann Cosmological Models

For a perfect fluid, the energy—stress tensor takes
the form

Tab = I'l'uoub + phaby (12)

whence the field equations give

_%(31) + u) + A: Sab = Oy

where A is the cosmological constant. The Friedmann
cosmological solutions are conformal to flat space
and hence C,;.; = 0. In this case there is no free
gravitational field present, and an observer traveling
with the particles of the fluid will experience no
shearing forces on his gravitational compass. He
will observe contractive forces if A < %(3p + u),
expansive forces if A > 3(3p + u), and no forces if
A = 1(3p + p) (Einstein’s static model). The pre-
ferred frame determined by the distribution of mat-
ter in the Friedmann universe is the one for which
the shearing forces S,, vanish. Hence, by purely local
experiments involving a gravitational compass an
observer can determine the rest frame of the universe.
In this sense, the Friedmann universe is “Machian.”
We see however that the expansion of the universe
should not be looked upon as a gravitational effect
at all, since it does not involve the Weyl tensor.
The only force operative in the Friedmann models
is the local contractive force

(3 + ) + 308",
which, in the case of vanishing pressure and cosmo-
logical constant, reduces to the Newtonian force
due to small sphere of radius (6z,6z%)! and density
p = (3/8m)y'u (y = Newtonian gravitational con-
stant). This accounts for the extraordinary sucess

of the Newtonian theory in isotropic universes.'
General relativity only differs radically from New-
9 W. Kundt, Z. Physik 163, 77 (1961).

10 See H. Bondi, Cosmology (Cambridge University Press,
New York, 1952).

R a bu"ub =

1391

tonian theory when there is a free gravitational field
(Weyl tensor) present; for example; there is nothing
corresponding to the radiation fields in Newtonian
theory. Hence the expansion of the universe is not
due to any peculiar properties of gravitation in gen-
eral relativity, but arises from one of the following
possibilities:

(i) the initial conditions involve an initial expan-
sion between neighboring particles (e.g., in the “big-
bang” theory) or

(i) the cosmological constant A is large (e.g., the
deSitter universe or steady-state theory).

C. Interacting Gravitational Waves

Suppose we have two type-N gravitational waves
traveling along distinet null directions k&* and m°.
The observer with the frame given by (5) sees these
waves as traveling in opposite directions s, and ~—s,.
If there were no interaction between the waves then
the forces this observer obtains on his gravitational
compass will be in the (e,, ¢,) plane and the field

1 2

strength should be the sum of the two wave am-
plitudes. Thus a solution representing two waves
“passing through’” each other would be expected
to have, in this frame,

Cabcd = C(l) Vachd + 0(5) UabUcd‘

Substituting into the vacuum Bianchi identities
Cureas = 0 and contracting with k*m’U** gives

C(l)kb;dlbkd = C(l)kb;dzbid = 0.

This is the condition that k, is geodesic and shear-
free (see Sachs®). There is a theorem of Goldberg
and Sachs" which states the following:

“A vacuum melric is algebraically special if and
only if it admits a shear-free null geodesic congruence.”

Hence, in the above case the Weyl tensor must be
algebraically special with %, as a principal null direc-
tion. This contradicts C*® s 0. Hence, we cannot
have a linear superposition of transverse gravitational
waves if they are not running in the same direction,
but the true nature of the interaction will remain
obscure until exact solutions representing two waves
in collision are found.

ACKNOWLEDGMENTS

The author is indebted to Dr. F. A. E. Pirani for
his help and encouragement in the preparation of
this paper. This paper was supported in part by
AFOSR Grant 321-63.

1 J, Goldberg and R. Sachs, Acta Phys. Polon. 22, 13
(1962).



JOURNAL OF MATHEMATICAL PHYSICS

VOLUME 6, NUMBER 9 SEPTEMBER 1965

Algebraic Derivation of the Partition Function
of a Two-Dimensional Ising Model*

Couin J. TrOMPSON |
Department of Physics, University of California, San Diego, La Jolla, California
(Received 2 November 1964)

In the algebraic formulation of the Ising model, the partition function is expressed as the trace
of a power V¥ of the transfer operator V, or equivalently, as the sum of Mth powers of the eigen-
values of V. In the derivations of Kaufman, Onsager, and more recently of Schultz, Mattis, and
Lieb (SML), the transfer operator is first reduced to a more amenable form for computation and
then, in principle at least, diagonalized. For the infinite lattice, only the largest eigenvalue of V is
needed, and this is all Onsager and SML compute. Kaufman finds all the eigenvalues and is thus
able to write down the partition function for the finite lattice. In the present work we give an alterna-
tive derivation of the SML form for V, and show how the Kaufman result can be obtained from this
form without actual diagonalization. Instead of diagonalizing V, the evaluation of the trace is done
directly after assigning a simple representation to V.

I. INTRODUCTION

INCE Onsager’s celebrated solution of the two-
dimensional Ising model in 1944, there have
been numerous alternative derivations of the On-
sager result, a number of derivations of correlations
and spontaneous magnetization, and some general-
izations to other types of two dimensional lattices.
Reviews of the work prior to 1960 are given in the
articles of Domb® and Newell and Montroll.?
Roughly speaking, one can divide the methods
used into two categories: the combinatorial approach,
which essentially counts polygons on the lattice; and
the algebraic approach. The combinatorial approach
began in 1952 with the work of Kac and Ward.* Their
approach has since been refined and been given a
rigorous treatment,® and in its present form is the
most popular method.® The popularity is undoubt-
edly due to the relative simplicity of the method
compared with the original formidable algebraic
approach of Onsager, and even with the simplified
algebraic approach of Kaufman.” In recent times
the algebraic approach has been given little at-
tention. Recently however, Schultz, Mattis, and
Lieb® (called SML hereinafter) have shown how the
* Supported by U. 8. Air Force Office of Scientific Research,
under AF Grant No. AF-AFOSR-610-64.
N tYPresent address: The Rockefeller Institute, New York,
"T'L. Onsager, Phys. Rev. 65, 117 (1944).
2 C. Domb, Phil. Mag. Suppl. 9, 151 (1960).
3533 (Gég)’.)Newell and E. W. Montroll, Rev. Mod. Phys. 25,
1 .
4+ M. Kac and J. C. Ward, Phys. Rev. 88, 1332 (1952).
5 C. A. Hurst and H. 8. Green, J. Chem. Phys. 33, 1059
(1960); A. M. Dykhne and Yu. B. Rummer, Usp. Fiz. Nauk
75, 101 (1961) [English transl.: Soviet Phys.—Usp. 4, 698
(1962)]; P. W. Kasteleyn, J. Math. Phys. 4, 287 (1963).
¢ Bi. W. Montroll, R. B. Potts, and J. C. Ward, J. Math.
Phys. 4, 308 (1963).
7 B. Kaufman, Phys. Rev. 76, 1232 (1949).

8 T. D. Schultz, D. C. Mattis, and E, H.

ieb, Rev. Mod.
Phys. 36, 856 (1964).

algebraic formulation of Onsager, leads to a many-
fermion problem, the solution of which requires
only an elementary knowledge of spin-3 and the
second quantization formalism for Fermions. Much
of the mysticism surrounding the algebraic method
is clarified by SML; their steps are simple and their
language more familiar. Of particular interest is
their lucid discussion of correlations and spontaneous
magnetization, and their new derivation of the trans-
fer matrix formulation, which is the heart of the
algebraic approach.

In brief outline, the problem is formulated alge-
braically as follows. Consider a square lattice con-
sisting of M rows and N columns with a set of NM
particles of two types arranged on the vertices of
the lattice. If we let only nearest-neighbor particles
interact, with interaction energy —J,(—J,) between
like particles in rows (columns) and +J,(+J,) be-
tween unlike particles in rows (columns) and assign
a coordinate u, ., to the vertex at the intersection
of the nth row and mth column, with values 41
or —1 depending on the type of particle, the Ham-
iltonian for the system in configuration {u;,, --- ,

“MNL

H(ﬂll; )ﬂMN) = _Jl Eﬂ'm,np’m+1,n

- J2 Z Mom ,nMm n+1y (1)
defines the rectangular two-dimensional Ising model,
and the problem is to caleulate the partition func-
tion Z defined by

ZMN= E

Br1==x1

—8H Leee,
E e BH (p11 “MN),

pMN=%1

@

where 8 = (ksT)"", kz being Boltzmann’s constant,
and T the absolute temperature.

For boundary conditions one usually takes
Erima = Bm.n A0 ey N4n = fm.n, SO that the lattice
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is assumed to be wrapped on a torus. In this case
the sums in (1) are over n from 1 to N, and m from
1 to M. The toroidal boundary conditions will be
used in the present work.

The reduction of Z,y to the transfer operator
form is well known, we merely quote the result. For
detailed derivations, see for example the book by
Huang® or SML.

The transfer operator V is defined by

N N
V = exp (Kz > 7',1,1',1,+1> exp (—KT > rf,) , (3
n=1

n=1

where

K.=8J,, i=1,2, (42)

K* is related to K, through
tanh KF = ¢, (4b)

and the operators 7, 7 = 1, 2, satisfy the relations
(ray Ta)- = Tarhy — 7h7i = 0, (5a)
[ty Tils = 7arh + 7i7a = 0, (5b)
fore=j=1,2nn" =12 ..., N,
and
()P =1 for i=1,2 n=12---,N, (5c)

with I the unit operator and 0 the null operator.
The first term in V arises from interactions in a
row and the second from interactions between near-
est-neighbor rows.
In terms of V, the partition function is given by

Zyuy = (2 sinh 2K,)*¥ Tr (V). (6)

A common feature of the Onsager, Kaufman, and
SML derivations is that they all compute the eigen-
values of the transfer operator. Kaufman actually
computes all the eigenvalues and is thus able to
write down the partition function for the finite
lattice from

oN
Zyy = (2 sinh 2K )M D" \X )
n=1

Of more interest, phase transition-wise, is the infinite
lattice where it is easily shown that the free-energy
per particle is given by

—B-l lim (MN)_I In ZMN
M ,N—reo
(M/N=const)
= —(28)"'In(2sinh 2K,) — 7' lim N ' In \,.. (8)

Noo
with An.. the largest eigenvalue of V.

* K. Huang, Statistical Mechanics (John Wiley & Sons,
Inc., New York, 1963), p. 349 ff.
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For the infinite case it is therefore only necessary
to find the largest eigenvalue, and this is done by
Onsager and SML. Even so, one must in principle
diagonalize V, and it is this part of the three cal-
culations that is difficult, or at least complicated. In
the present caleulation, we do not find the eigen-
values of V. Instead we choose a representation of
¥ in which the problem reduces to calculating traces
of four-dimensional matrices of relatively simple
structure. The calculation is given in the following
section and the result obtained is Kaufman’s expres-
sion for the finite problem. The passage to the infinite
lattice can be followed in the manner suggested by
Kaufman and is not included here. Our procedure,
as a method for obtaining the infinite lattice result
as well as the finite result, is, we feel, much less
involved than the diagonalizing procedures of pre-
vious algebraic derivations. We remark also that
our method can be used to evaluate the short- and
long-range order (which are expressible as traces of
operators). The calculations are straightforward and
parallel closely those of SML so are not included
here.

2. THE PARTITION FUNCTION

To express V in a more convenient form we define
Fermi destruction and creation operators a, and
an = 1,2, --- N), by

(92)
(9b)
In terms of these operators one can easily show that

V¥ = LI + D)V + LI — )V,

t_ 22 2 3
Qy, + Oy = T1Tg "' Ta—1Tn

a, — a,t =TT e Ty Th.
(10)
where
N N '
U= JI7=exp [iw > (e, — 1)] an
n=1 n=1

and

V. = H exp [Kz(a:zn - an+1)<a; + an)]

n=1

N
X II exp [—2K*(asa, — 1)]

n=}

12)

with the anticyclic boundary condition

Ayer = —0y (13a)
holding for V., and the eyclic boundary condition
(13b)

ayvr = O
10 The steps follow closely those of Kaufman.
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holding for V_, and in deriving (10) we have made
use of the fact that P, = 3(I & U) are projection
operators (which follows from U? = I), and act on
orthogonal subspaces (i.e., P.P. = 0). Equation
(12) was obtained by SML by a different method.

In the remainder of this section we will focus our
attention on the V, term in (10). The steps in the
calculation of the remaining three terms in (10)
are similar to those given below and are summarized
briefly at the end.

To simplify V, further we follow SML and trans-
form to running wave operators through

a, = N—ieir/4 Eeiunm’ (14)

where the anticyclic condition (13a) requires that
g==x2j—1)a/N j=1,---,N/2 (15a)

[the eyclic condition (13b) requires that

¢q=0,r, £2x/N, j=1,2,---,N/2—-1] (15b)

and for convenience we have chosen N to be even.
Direct substitution of (14) into (12) gives

V* = II Vq,

0<g<~T

(16)

where In terms of operators 2}, 22, (and =2 for com-

pleteness)

1 t t
Ze = MM + N-qM-a¢ — I:

2= negme + nenle an

= i(nnle — 1-am0),

V. = exp {2K,[cos ¢Z; — sin ¢=2]}
X exp {—2K*%Z.}. (18)

We will make use of the commutation relations
for the Z operators

[Zi, 2i)- = —268,,.2F, (ijk) cyelic (123)
2,20, =0 for ©##j.

(19)
and

These follow directly from (17) and the Fermi anti-
commutation relations for the 5, -operators. We re-
mark in passing that the sequence of equations
(16)—(18)—(19) was obtained originally by Onsager
using a slightly more involved method.

In all previous algebraic derivations, V. were
diagonalized (simultaneously because of their com-
mutability). Let us show that for the purpose of
computing the trace, the most convenient repre-
sentation is not the diagonal one but one based on
the occupation number representation of the n.-
Fermi operators. Thus, since the eigenvalues of

COLIN J. THOMPSON

Nt mse 8re 0 and 1 (with equal degeneracy), the
eigenvalues of =l are 1, —1, 0, 0 (equal degeneracy).
A representation of the Z-operators in which Z} is
diagonal is therefore [from (19)]

EZ=I4®---®I4®a‘r+®I4®---®L,
1=1,2,3,

0" = [T' 02} , 7'+ = [Ig 02]' (21)
02 T'. 02 02

r* are the conventional Pauli matrices

T‘=[1 0], 72=[01]’ T3=[0 ——iJ. @2)
0 —1 10 i 0

I, and I, are the four- and two- dimensional unit
matrices, respectively, 0, is the two-dimensional null
matrix, and in the direct product (denoted by &),
there are N/2 terms, with the ¢r* occuring in the
jth (¢ = 2j — 1) place.

Using the property

(20)

where

(AQB)C®D) =(AC)® (BD)  (23)
of direct product, we then have
N/2
Ve = ® V2:'—1 = ® Vpﬂ (24)
i=1 pt+
where
V.. = exp {2K,[cos (p+)oi — sin (p+)oil}
X exp {—2K*01} (25)
and
o = a'r’. (26)
If we then use the property
Tr (A @ B) = Tr (4) Tr (B), @7
we have
N/2
Tr (V%) = I Tr (V2i-0. (28)
=1

The problem has now been reduced to the evalua-
tion of traces of four-dimensional matrices with
relatively simple structure. Let us consider V, (p
will henceforth be used for p+). Since the ¢* ma-
trices satisfy the commutation relations

[6%, ¢i] = —2ieh  (ijk) eyelic (123). (29)
V, can be written in the form
3
V, = exp (Z c,';mf)- (30)
=1
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If we then use the anticommutation relations

[G’i, O'i]+ = 28,‘,‘7‘+ (31)
expansion of the exponential (30) gives
V, =1 +r* coshy, + (2 cio ;) sinhy, (g9
i=1 D
where
=l - (33)
and v, is defined by
3
ve = 2, (). (34)

i=1

If we also expand the exponentials in (18) in a
similar manner, we obtain

V,=1"
+ r*[cosh 2K, cosh 2K¥ — sinh 2K, sinh 2K¥ cosp)
+ o} [sinh 2K, cosh 2K* cosp — sinh 2K* cosh 2K,]
+ o%[—sinh 2K, cosh 2K# sin p)
+ o3[sinh 2K¥* sinh 2K, sin p]. (35)

This expression must be identical with (32), so
equating coefficients of r* gives the connection

cosh v, = cosh 2K, cosh 2K¥

~— sinh 2K, sinh 2K¥ cos p (36)

between the ¢} parameters in (30) and K,, K%, and
p. It turns out that (36) is the only relation needed
to evaluate the trace (28). The steps needed are as
follows. From (30) we have

V¥ = exp (% o)

- 4t cosh(M'y,,)-{—(Z ,‘,:) Si“hf/M””) @37)

i=1 P
and recalling expressions (21) and (33) for »* and
r~, and noting that Tr (o)) = 0, we have
Tr (V) = 2(1 + cosh (M,)] = 4 cosh?® 3M,). (38)

To evaluate Tr (UV¥) in (10) we use the rep-
resentation {20) to get

U.=Q® (=) = Q" — 1)

p+

39
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and then from (23) and (27)
Tr (UVY) = II Tr [ — r)VE]

where, using rr” = 0, = r"o}, (+")* = r*, and @7),
Tr [(" — r)V5i] = 2[—1 4 cosh (M,)]
= 4sinh® GMy,).  (41)

To evaluate the corresponding minus quantities
Tr (V¥) and Tr (UV*¥) in (10), one uses the rep-
resentation (20) with o'~ in place of o°r" [to preserve
the orthogonality of the two terms in (10)]. The
above calculation then goes through with essentially
just a minus sign in place of a plus [although some
special care must be taken withthe ¢ = Qand ¢ = =
terms (15b) arising from the cyclic boundary con-
ditions (13b).]

If we now define v, to be the positive solution of
Eq. (36), that is, the positive solution of (p = kx/N)

cosh v, = cosh 2K, cosh 2K* — sinh 2K,

(40)

% sinh 2K% cos (’“—ﬁ’r) k=0,1,--- (42

and note that yoy.r = v fork = 0,1, --- , N, we
have finally, after combining (10), (28), (38), (40),
and (41) and the corresponding minus results, the
Kaufman expression for the partition function of the
finite lattice,

Zux = (2 sinh 2K )" Ty (V)
= (2 sinh 2K,)}*¥

X {II 2 coch (M2528) 4 TT 2iom (M=)

im=1

+ II 2 cosh (M""‘") + H 2 sinh (M‘“')}

=1

43)

The partition function for the infinite lattice can
be obtained straightforwardly from (43) in the man-
ner suggested by Kaufman. The reader is referred
to Kaufman’s article for details.
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Recently it has been shown that for potential scattering, the well-known optical theorem—relating
the total cross section to the imaginary part of the forward scattering amplitude—can be generalized
to yield a “momentum-transfer cross-section theorem.” The present paper further generalizes the
previous potential scattering result. Specifically, it appears that the momentum-transfer cross-section
theorem is valid also for many-particle systems, wherein inelastic processes occur. Although this last
assertion probably holds quite generally, a proof is given only for the collisions of electrons with
atomic hydrogen. The proof takes into account electron indistinguishability, as well as the possi-
bility that the incident electron ionizes the atom, but assumes the forces are not spin-dependent.

I. INTRODUCTION AND SUMMARY

ECENTLY' I have shown that for potential
scattering, the momentum-transfer cross sec-
tion

o= [ —nm) da—mf O
can be expressed in the form
L « 9V

In the above equations: A(n — n’) is the amplitude
for elastic scattering from initial direction n to final
direction n’; E = #°%°/2m is the kinetic energy;
the Hamiltonian is

H=T+V=(-F2mV'+7V@®;

the potential V(r) is not necessarily spherically
symmetric, i.e., V(r) need not equal V(r); the wave-
function ¥ satisfies
(H—-E¥ =0 Y
subject to the boundary condition (when n is along
the z direction)
¥ = ¢** + @), (5)

where

lim & = A(n —n’)e*r™;

r—oo|n’

©)

when n is not parallel to 2z, dV/dz in Eq. (2) is
replaced by n-grad V.

For potential scattering the result (2) in many
respects is a generalization of the optical theorem
4o

— Im A(n > n).

; ™

o= fdn' |[Am —n)[* =

1 E. Gerjuoy, J. Math. Phys. 6, 993 (1965).

It is known, however, that the optical theorem
remains valid in many-particle collisions involving
inelastic processes. Similarly, it appears that the
momentum-transfer cross-section theorem (2) re-
mains valid even when inelastic processes can oceur.
Of course, some modification of the right side of
(2) is pecessary in a many-particle collision. Also,
one must generalize the definition (1) of the momen-
tum-transfer cross section, o,.

Because a proof of the momentum-transfer cross-
section theorem for arbitrarily complicated collid-
ing systems would be awkward and hard to follow
(mainly because the notation gets correspondingly
complicated), I shall content myself here with carry-
ing out the proof for the simple case of e~H scatter-
ing. In this case the momentum-transfer theorem has
the form

_ _l_f « 9V
9a = 2E0 dr‘I, le ‘Il'

where E, = k’ki/2m is the incident kinetic energy;
2z, is the z coordinate of one of the two electrons in
the system; and the quantities V, ¥, o, are defined,
respectively, by Egs. (12), (14), and (56) below.
This proof for e-H scattering makes it fairly obvious
that a similar momentum-transfer theorem holds
for electron scattering by more complicated atoms,
and makes it plausible that a corresponding momen-
tum-transfer theorem continues to hold for collisions
between more complex aggregates of fundamental
particles, e.g., for molecule-molecule scattering.

In connection with the above paragraph, the
following remarks, concerning assumptions made in
the proof, should be noted. The proof includes the
effects of particle indistinguishability and electron
exchange, i.e., the wavefunction is antisymmetric
under exchange of eleectron space and spin coor-
dinates. However, the spin-dependent part of the
wavefunction is factored out, i.e., it is assumed that

®)
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all components of the total spin are separately con-
served, which in turn implies that the Hamiltonian
is spin independent. There is little doubt that a
momentum-transfer theorem remains valid for spin-
dependent interactions, but carrying through the
proof would require taking into account the prop-
erties of the eigenfunctions under time reversal;
considering only the spatially dependent part of the
wavefunction, as is done here, avoids this complica-
tion. Another complication which is ignored in the
following proof of (8) is the effects of Coulomb forces
on the asymptotic behavior of the continuum wave-
function solving the many-particle Schrédinger equa-
tion. More precisely, although ionization is included
in the possible inelastic processes contributing to
momentum transfer, it is assumed that the Hamil-
tonian is effectively a free-particle Hamiltonian
when the particles are infinitely separated. It is
easily seen that this assumption is inconsequential
for (8) when the free-particle plane waves can be
replaced by Coulomb functions as, e.g., in excitation
of H™ by electrons, or ionization of H™ by a neutral
particle. In more complex situations, e.g., ionization
of H™ or H by electrons, there is no reason to think
the momentum-transfer theorem fails, but it must
be admitted that the detailed asymptotic behavior
of the wavefunction has not been examined in cir-
cumstances such as these, where two or more charged
particles go out to infinity in the center of mass
system. Finally, the proof wholly ignores radiative
processes.

The possible utility of (8) has been discussed pre-
viously.! Bearing on its utility, and relevant also
to the disecussion of the preceding paragraph, is the
fact that the right side of (8) apparently diverges
whenever electrons are incident on ions, e.g., H™.
The source of the divergence can be understood by
examining elastic scattering in a fixed Coulomb
potential V = C/r. Substituting (5) in (2), which
now is applicable, one sees that integration over
angles annihilates the matrix element of 0V /dz =
—C cos 0/r* between e** and ¢ ***. The matrix
element of 8V /dz between e *** and & need not
vanish, however, and in this matrix element the
integral over r is divergent at r = «. Moreover,
this divergence is to be expected, because for Coulomb
scattering, directly from the fundamental defini-
tion (1),

o R f dfsin 6(1 — cos ) csc' 30 9)
0

diverges logarithmically at § = 0.
2 J. O. Hirschfelder, J. Chem. Phys. 33, 1462 (1960).
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The following remarks are also worth noting. The
proof of (8) given here indicates that in a sense the
momentum-transfer cross-section theorem is a gen-
eralization—to continuum eigenfunctions—of the so-
called hypervirial theorems.? In fact the proof of
(8) is based on a wholly time-independent (wherein
transition probabilities are never explicitly intro-
duced) treatment® of many-particle collisions in-
volving rearrangement. In this treatment the cross
section is computed, using Green’s theorem, from
the flow of probability current across the surface
at infinity in the 3n-dimensional space spanned by
r, -+, r, where the collision involves n particles
in all, and r; is the position vector of the ith particle.
The time-independent treatment has the advantage
that it makes explicit many of the mathematical
assumptions (e.g., those mentioned in the two pre-
ceding paragraphs) employed in proving Eq. (8).

II. REVIEW OF TIME-INDEPENDENT FORMALISM

Especially when ionization can occur, to make
the proof of the momentum-transfer theorem under-
standable, it is desirable to review some results of
the time-independent treatment. As explained above,
I confine my attention to the scattering of electrons
by atomic hydrogen in the ground 1s state ¢,. The
atomic hydrogen eigenfunction ¢,;(r), of energy e;,
obeys

(=#/2m)V* — &/rloi= €0;. (10)
The spatially dependent part of the total wave-

function describing the collision is ¥(r,, r,), which
satisfies Eq. (4) with

2

—- 2
H = om vi-— om Vi + Vi, 1), (11
—'62 eZ 62
V = i
s ISR A A (12)
and obeys
Y(r, 1) = £¥(r,, 1)), (13)

The upper sign in Eq. (13) applies to singlet scat-
tering, the lower sign to triplet scattering. In what
follows, I shall use the plus sign only, but it is
easily verified that the proof can be just as readily
carried through for triplet scattering.

Outgoing Current and the Total Cross Section

Ignoring the long-range character of the potential,
the singlet ¥ can be written in the form

¥, 1) = eikon'h%(rz) + eikan.r’%(rl) + &, 12),

(14)
3 E. Gerjuoy, Ann. Phys, 5, 58 (1958).
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where ®(r,, 1) is everywhere outgoing and obeys

B, 1) = B, ). (15)

The everywhere-outgoing property implies

thiry

lim | dng3@)e(, n) = 4,0 —n) 5, (16)
1

rome] i’
where
E = BI/2m + e = BK/2m + ¢, (17)

It is easily seen that, as one expects for singlet
scattering,

A; = f; + g, (18)

where f; and g; are, respectively, the ordinary and
exchange amplitudes for collisions leaving the atom
in the state ¢;.

Equation (16) yields no information about the
behavior of & when 7, r, each become infinite.
However, the everywhere-outgoing property also
implies®

lim (;, 1:) = A — ki, ki) j—; , (19
T
where
r= 04D =nl+ M 21
k{ = Krnl/r = K(1 + ¢")*ni, 22)

ki = Kranl/r = Kq(1 + ¢")'n}.

The total cross section, including ionization as
well as excitation, is®

g =

m

T [ asv3 @3
integrated over the surface of the six dimensional
sphere at infinityl in r,, r, space, where the six-
dimensional current vector J has components

Ji = (B/2m)(¥*V. @ — ®V,$%),
L. = (B/2mi)(3*V.® — V., %),

In (24) J. represents the three components of J
along i, ji, ki, ie., along the usual right-handed
basis defining the r, subspace of r,, 1, space. Similarly,
J. represents the three components of J along
iz, js, k.. Correspondingly, in (23) the outward drawn

@9
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six~-dimensional normal to the sphere at infinity has
components

v, =1/r = (r/rni,

v, = Tp/1 = (r,/rnj}.

(25)

Excitation and Ionization Cross Sections

The result (23) is basic to the time-independent
treatment of many-particle collisions and is not
evident. In fact, BEq, (23) amounts to accepting the
postulate that (24) represents the current operator
conserving probability flux in many-particle colli-
sions, just as the usual formula (7) for the total
cross section in potential scattering implies accep-
tance of the usual one-particle current operator
[of which Eq. (24) is the obvious generalization].
Nevertheless, the correctness of (23) is not in ques-
tion since it can be shown that the accepted expres-
sions for the rates of excitation and ionization follow
from (23).

To amplify this last assertion, note that on the
sphere at infinity the surface elements dS {and cor-
responding v) are of two essentially different types,
namely: surface elements dS where one of ry, ry i
infinite, but not the other; and those d8 forming a
manifold of higher dimensionality than the first
type, where r, and r; are each infinite. It has been
proved® that the contribution to (23) from surface
elements of the first type, with r, —> « and 7,
finite, reduces to

o 2 [ asiw-y;

integrated over the surface S; of the three-dimen-
sional sphere at infinity in r,-space, where

Ji = B/2m)(Z3NV.Z; — Z,V.Z%)

(26)

27

and

Z) = f dts 6*(6) B(rs, 1) ©8)
integrated over all r,. Of course in (26) n’ is the
normal to dS;, and Ji(r,) is evaluated at infinite
1, = ;1. Using (18), therefore, (26) yields

k?’ ’ 4
T [ @ 4@ mF = o,

where o, obviously is the total cross section for
excitation, including elastic scattering (j = 0). The
left side of (29) is only half o, because (26) has
not included the contribution to (23) from surface
elements with r, — o« and r, finite; by virtue of
(15) the contributions from r, — =, r, finite and

(29)
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rs — o, r; finite must be equal. Correspondingly,
one sees that the right side of (23), which must
represent the total outgoing current divided by the
incident current per unit area is correctly multiplied
by (2hk,/m)™", because each of the first two terms
on the right side of (14) corresponds to an incident
current density Zk,/m.

The contribution to (23) from surface elements
dS where r, and r, are each infinite must be the
ionization cross section ;.. In fact, for K real
[E > 01n (17) and therefore capable of ionizing the
atom], this contribution is, using Egs. (19) and
(21)-(25),

1 [dS ,
T = G f 92 K 140 — ki, K[ (302)
kLK
K3

L
2k,

f dk! dn! dn/, |A—k{, k)%, (30b)

where I have used®

ds = [°¢’/(1 + ¢')’] dq dn] dn}. (31)

The right side of Eq. (30b), which still is subject
to Eq. (20), is not altered in value if one multiplies
by 6(E’ — E) and then integrates over an in-
finitesimal range dE’ about E’ = E. Thus, using
Eq. (20) to find dE’ in terms of dk{, Eq. (30b)
becomes

2
1 -%fdk{dkg&(E’—E)

0’. =
ion 2k0 m

X |A@—k, &), (32

where now k!, k] range over all real values, with
E’ defined by the right side of Eq. (20).

Fquation (32) is the desired expression for ;..
When the symmetry requirements of particle in-
distinguishability are ignored, e.g., when the second
term on the right side of (14) is dropped in the
definition of ¥, it can be seen that®

, , om 3 8—31‘1/4 (2 E} )5/2
A(Il — kl, k2) = (?‘) ZE; 7r(2m/h2)5

X Th—ki, k), (33)
where T is the usual transition amplitude
i) = [¥ Vo 34)

from initial to final states. In this unsymmetrized
case, therefore, realizing that the factor 3 must be
dropped because now the incident current density
is only Ak,/m, Eq. (32) takes the familiar form

1399

m2r 1 f ' Rt SR —
Rko B (2my J O Ak 8E — B)

X [T -k, k).  (35)
In the symmetrized case, where all terms in Eq. (14)
are retained, one also can retain Eq. (33) in which
event Eq. (35) again holds provided % is restored.

Tion =

III. PROOF OF MOMENTUM-TRANSFER
THEOREM

With the foregoing results in hand, the desired
momentum-transfer cross-section theorem can be
derived. As in the simpler case of potential scattering®

~ [ dr @vypy + [ drvp. HY = 0, (36

where ¥(r,, 1) is the function defined by Eqgs. (14)
and (15); Eq. (11) defines H; p,, = (#/1)3/9z, is
the z component of the momentum of particle 1;
the z direction now is supposed to coincide with the
incident direction n; and dr = dr,dr, signifies integra-
tion over all r,, r,. Again as previously,' to keep
the integrals in (36) convergent, the integration
volume may at first be supposed to equal the
interior of a six-dimensional sphere (in r,, r, space)
of finite though very large radius. Whatever the
integration volume, Eq. (36) is true because ¥
satisfies Eq. (4).

Using (11), Eq. (36) becomes

2
2 [ a{enwr + 99 2 (92 4 vrur &

2, 92,

2m

vV

+fdr\I/*a—Zl\I/=0, 37)

with V given by (12). The next step is to substitute
(14) into the first integral of Eq. (37), thereby
obtaining 18 independent pairs of terms under the
integral sign. Most of these pairs vanish, however.
For example,

—ikoB *ry 3 ikon*r,
f dr {e k *é(rz)Vf a_z_ e* ¢0(7'2)
1

9 ikeners —ikon or,
- [5;:—16 ' ¢o(7‘z):lvfe * ¢"6(Tz)} =0

because
(Vi 4+ ket = 0. (38)

Also, holding r, fixed and employing Green’s theorem
in the three-dimensional r, space, one sees that

f dr, dr, {e ) V2 2 65 T )
0z,

- [6_2: eikm.r‘¢0('r2)}er—ihn.r'¢f](rl)} = 0
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because ¢,(r,) is exponentially decreasing as r, — « ; similarly, pairs of terms involving V3 and ¢y(rs)
are seen to vanish after employing Green’s theorem in r, space.
In this fashion, Eq. (37) yields

fdr {cp*vf ai'zleikun-nd)o(rz) — [6(3 ikon nqso(rz):lvlq)*}

—ikom *ry @ aé 2 —ikoll °Xy
+ fdr {e hoB gk (r YV g; ~ % ¢‘o(7'2)}

+ dr q)*v 9. ikon-t,qso(rl) _ [6121 eikon-r,d)o(rl)]v;@*}

Jarf
[ {e oty 2 08 _ 02 G, ¢*(7‘1)}
/

4

292, Oz
ad
+ dr {‘I’*(V1 + V2) Y (V1 + V2)<I)*} fd w* _\I’ = 0. (39)

Reduction to Surface Integrals

Green’s theorem in r,-space can be employed in the first integral of Eq. (39). Thus, using (16), this
first term reduces to

[drz f dsl'{q’*V1 éz—leiknn'h¢o(r2) - [(9(: hon l.‘¢0("'2)j|V1q’*}

—ikora
— fds1° A’En—»n’)e Vl 1knn-r1 _ I:i e;lcon-n:lleqan __)nl) ¢
6z1 0z,

—ikors

L w

where dS, = r} dn’ is the surface element on the . N ikip
sphere at infinity in three-dimensional r, space. ,},Lnﬁ, f dr, $3() (@, 1) = 4,00 —>0) 7/ p.
Similarly, the second term in (39) reduces to 7=l 43)
The first equality in (43) simply interchanges the
labeling on r,, r,; the second equality makes use
ikora of (15). I now observe that when k; #4 k, the integral

]V e “} (41)  in (42) oscillates infinitely rapidly at infinite r, and
gives no net contribution when averaged over any
Using Green’s theorem in r, space, the third small range of incident energies. Hence, the terms

tkora

fdsl.{e—ikon-nv a A (n_%n/)e

9 N
—_ [52—1 Ay(n —n’)

integral in (39) becomes k; # k, are inconsequential, and can be dropped*
from (42). But the remaining term k; = k, vanishes
g tkim d¢o(r) after integration over r, because d/9z, has odd
. * *(n!
f dn, f dS: 2 . {¢ @) A% (n) r, 02 parity. Thus the expression (42), which equals the

ki third integral in (39), vanishes. Similarly, the fourth
} integral in (39) vanishes.

The fifth integral in (39) is evaluated using Green’s

(42) theorem in r,, r, space. As explained in connection

with Eq. (23), the surface elements at infinity in

where dS, = r; dn’. The quantity 4;(n’) in (42) is r, r, space are of the following different types:

X Vet 6¢g§7'1) ikome "¢*(r,)V2A*(n’)

identical with A,;(n — n’) defined in (16) because (a) r, — o, 7, remains finite; (b) 7, — «, r, remains

finite; (¢) both r,, r, — . Then, as in Egs. (26)—

lim dr, ¢*(r,) ®(;, o) (29), the contribution from surface elements of type
e (a) to the fifth integral in (39) is

= lim dr, o* (r2)¢(r2, f1) ¢ Similar terms are discarded, for the same reason, in the

ryacoln” original derivation yielding the form of the many-particle
Yeimp current operator. See Ref. 1, especially Eq. (3.20).
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—-ikiry

[ | dsl'g{qs*:(rz)A*;(n')‘”

7

- [4%(1'2) 'é(‘z‘; 4,(@’)

—ikiry

- dSl-;{A";(n’)e

7y

The expression (44a) is simply the contribution to
the fifth integral of (39) made by the terms involving
Vi. The expression (44b) equals (44a) by virtue
of the orthonormality of the ¢;(r;). Even if ¢.(r,)
were not an orthogonal set, however, the terms
k; # k; in (44) would be ineconsequential, just as in
Eq. (42).

The contribution to the fifth integral of (39) from
surface elements of type (b) (described in the preced-
ing paragraph) is simply the contribution to that
integral made by the terms involving V3. This con-
tribution, which also involves a double sum over
4,0 as in (44a) vanishes because: (i) terms k; = k;
are inconsequential; (ii) the fact that 8/dz, has odd
parity eliminates terms k; = k;. There remains the
contribution to the fifth integral of (39) from surface
elements of type (¢). As in Eq. (23), this contribution
is

—iKr a a iKr
f a8 {A*e 99 4.

T o 8_21 r
ieﬁg*fj
- [azl A T5/2] 6?" A 7_5/2 3 (45)
where 7 is defined by Eq. (21); 4 = 4(n — k{, k})
defined by Egs. (19)-(22); dS is given by Eq. (31);
and I have recognized that v+ V = v;*V, + vV, =

9/or [v as in Egs. (23) and (25), V the six-dimen-
sional gradient operator in r,, 1, space].

Surface Integrals Evaluated

The first five integrals in (39) have been reduced
to (40), (41), (44b), and (45). I now shall evaluate
these surface integrals. Using Eq. (12) of Ref. 1,
one sees (just as in the case of potential scattering)
that (40) and (41) together yield

f dn’ 4xik,(n-n’)ém — n')[A¥n —n")

— A, —1n")] = 8k, Im 4, — n). (46)

The expression (44b) obviously reduces to

~Yo [ w @) a@omF. @)

V.1:(r2) é%: A,@)

tkirs

i
Vi 5, 4i@)
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eik;n

1

eik:f;

L

—1kiry

€

:] Vi) A%5@') } (442)

Ty

—1ikiry

a , et‘k,‘f; , e
[52 A;@’) . ]sz‘l’ﬁ(n)—rx } (44b)

Ty

Using (21), (22), and (31), the expression (45) is
seen to equal

ds : ds
—2 [Blaprd - —2 [Blaprean?

- _zf-j-l?- A’ Kok).  (48)

Thus, since (30a) can be put in the form (32), the

right side of (48)—which equals (45)—can be ex-

pressed as

"’2h2 f dik’ dk. s(E’ ’ 7 At

“mi? 1 dkj 3B’ — E)n-ki) |A@ — ki, k))[°.
(49)

I next note that the definitions (22) imply the
magnitudes k!, &} of k!, kj obey the relations

E(q™) = Kki(g),

(50)
k(g™ = Ki(g).
Consequently, directly from the definition (19)
iKr
lim &, 1) = Al — kin}, kn!) 8;372 , (B1)
ry—+olfina’

raoing’
rafri=g=t

where ki, &} are kj(q), ki{(g) of Eq. (22). Using (15),
Eq. (561) can be rewritten as

iKr
. €
7,
lim &, 1) = A@ — kin}, knl) =z (52)
ro—ofng’ r

ri—ofngf

rifre=q

Hence, because ry, 1, are just dummy variables in
Eqgs. (19) and (52), those equations imply

Al —k{, k) = An — Kk}, k). (53)

Obviously, with indistinguishable electrons, the
actual amplitude for ionization must obey a relation
like (53). It seemed desirable to show that (53)
indeed does follow from the definition of 4, how-
ever; moreover, the fact that (53) can be proved
supports the interpretation of the many-particle
current operator (discussed in Seec. II), which in-
terpretation led to the relations (30)—(32) between
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oi.a and A. Relabeling the dummy variables k! and
kj in (49), and using (53), one sees that (45) equals
—2h°
mK?®

[ axt a5 - D@k |4@ -1, K) P

mK3 f dk{ dkj (B’ — E)@m ki

+nki) [A@ -k, k)[*.

Expressions for ¢; and ¢

(54)

In the present ¢-H scattering problem, using (29)
and (32), the total cross section is

2
o= TE [a 40— + g o

2k, mK®
X [ det di @ - B) |A@ - B (59
Correspondingly, the definition (1) of the momen-
tum-transfer cross section generalizes to

o=t D5 [an - k)] |4,@ 0P
ko i ko

1 1
ko 2ko

— ki-n] |[A(m -k, k)[*. (56)

When multiplied by the incident velocity #&k,/m,
the first term on the right side of (56) obviously
represents the rate (in units of the initial momentum
hko, to keep the dimensions of o, equal to length
squared) with which momentum along the incident
direction n is being transferred in excitation proc-
esses, including elastic scattering. Similarly, the
last term in (56) obviously represents the momentum
transfer by ionization, recognizing that when ioniza-
tion occurs both electrons simultaneously carry away
momentum.

The generalization of (7) to the present problem is

= (4r/ky) Im A,(m — n), (567

where o is given by (55), and A, as always is the
elastic forward scattering amplitude. In other words,
although the particles are indistinguishable and A4
involves both ordinary and exchange amplitudes via
(18), the optical theorem has exactly the same form
as if the particles were distinguishable. If a proof
of (57) is desired, it can be obtained by starting
from

) mK3 f dki{ dk} 6(E' — E)[ky — ki'n

E. GERJUOY

~ [ar ey + [arvHe =0 (®
instead of (36), and then reducing (58) to surface
integrals along the lines employed earlier in this
section.

Returning now to Eq. (39), the first five integrals
in (39) have been reduced to the sum of (46), (47),
and (54). Therefore, using (57), Eq. (39) yields

okio — 3 2k f dn’ (@-n’) |4, — )
_hz
x =L [ dt i, a8 ~ E)in + on)

X |[Am -k, k)|* = fd \If* \If (59)
Using (55) to eliminate ¢ and dividing by 2k;, one
sees that Eq. (59) implies Eq. (8).

There remaing one point to be discussed before
concluding this paper, namely, the effect of including
Coulomb functions rather than plane waves in (14).
Using Coulomb functions in (14) means the asymp-
totic form of (16) must be modified by inclusion
of an extra factor,” proportional to exp (—7; In k;r,),
where 5; is proportional to k;'. Once this factor is
included, the proof which has been given goes
through essentially as in the plane-wave case, except
that one must include derivatives of exp (—27; In k;r,)
at infinity. But these derivatives, like the derivatives
of r,”" itself, are of higher order in r;" and so can be
neglected at infinite r,. This justifies the assertion,
in Sec. I, that the momentum-transfer theorem
should apply, e.g., to excitation of H™ by electrons.
The argument in this paragraph also suggests the
momentum-transfer theorem will remain valid in,
e.g., ionization of H™ by electrons; for a more
definitive statement, however, it is necessary to
know how Eq. (19) must be modified when two
electrons go out to infinity in the field of the proton®
(fixed at the origin). The reader is reminded, more-
over, of the remark in Sec. I that the right side of
(8) apparently diverges for e-H™ collisions. In elec-
tron-ion collisions, therefore, Eq. (8) (whether or
not it is essentially valid) is not likely to be very
useful without imposition of suitable cutoffs.

8 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book
Company, Inc., New York, 1955), pp. 114-121.
sR. Peterkop, Proc. Phys Soc. (London) 7'7, 1220 (1961).
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The existing proof of Wulff’s theorem shows that, among all convex bodies of fixed volume, the
shape given by Wulff’s construction has the least surface free energy. Here it is pointed out that the
restriction to convexity is unnecessary: among all bodies of fixed volume, the shape given by Wulff’s
construction has (uniquely) the least surface free energy. Obvious generalizations are noted.

HE question of determining the equilibrium

shape of a crystal whose specific surface free
energy y(#) is a given function of unit surface normal,
#, was first posed by Gibbs." The solution, in the
form of a construction, was given by Wulft.”

Wulff’s construction is as follows. From a fixed
origin, erect vectors in the direction 7, of length
proportional to y(#). For each such vector erect the
plane normal to the vector which contains the end
point of the vector. The largest closed body contained
within all the members of this set of planes is then,
according to Wulff, the equilibrium shape. That this
shape must always be convex [for v(#) > 0] is clear;
Wulff assumed in addition that the construction
would always yield a convex polyhedron.

Wulff showed that the shape given by his con-
struction provides a relative minimum in total sur-
face free energy. Whether or not Wulff’s construction
actually gives an absolute minimum remained an
open question until 1944, when Dinghas® showed
that, among all convex polyhedra of fixed volume,
the shape given by Wulff’s construction (supposing
that Wulff’s construction does yield a polyhedron)
has an absolute minimum in surface free energy.
Dinghas’ proof depends essentially upon the Brunn—
Minkowski inequality, which, in the form quoted by
him, states that for any two convez polyhedra A4,
B, having volumes V(4) and V(B), the volume of
the Minkowski sum,* A X B, of A and B satisfies

V(4 X B)} > V(A) + V(B),

* University of California at Davis, Mathematics Depart-
ment, Davis, California.

1J. W. QGibbs, Collected Works (Longmans, Green and
Company, Inc., New York, 1928), Vol. I, p. 321.

2 3. Wulff, Z. Krist. 34, 449 (1901).

3 A. Dinghas, Z. Krist. 105, 304 (1944). .

¢ Let oa be a vector from some fixed origin to a point a
belonging to the set A and, similarly, for ob, b ¢ B. Then, the
set of all points ¢ such that oc = oa 4 ob is the Minkowski
sum set 4 X B of the sets 4, B.

with equality holding only when A and B are geo-
metrically similar and similarly oriented.

More recently, Herring’ has pointed out that
Wulff’s construction need not necessarily lead to
polyhedra, but can give smoothly curved equilibrium
shapes as well. The generalization of Dinghas’ result
for convex polyhedra to arbitrary convex bodies is
immediate®; further, Herring conjectured that the
restriction to convex bodies was not necessary, but
offered no proof.

Mullins® has shown that, for the equivalent two-
dimensional problem (the shape having least line
free energy for fixed area), the equilibrium shape
must be convex, but was not able to generalize the
argument to three dimensions.

We wish to point out that the Brunn—Minkowski
inequality is valid for nonconvex bodies as well’*%;
the theorem has been proved in the following form:

For any two nonempty, closed, bounded sets of
points A and B in Euclidean space of m dimensions
the inequality

-V(A X B)l/m Z -V(A)I/m + V(B)I/m

is valid; where, for sets of positive measure [i.e.,
V(4), V(B) > 0], equality occurs when, and only
when, 4 and B are geometrically similar and similarly
oriented convex bodies.

Thus, citation of this stronger theorem in the
Dinghas—Herring®'® proof is sufficient to prove that,
among all bodies of fixed (finite) volume, the shape
given by Wulff’s construction has (uniquely) the least
surface free energy.

8 C. Herring, in Structure and Properties of Solid Surfaces,
edited by C. S. Smith and R. Gomer (The University of
Chicago Press, Chicago, 1953).

¢ W. W. Mulling, J. Math. Phgrs. 3, 754 (1962).

( 9?31:) Lusternik, Compt. Rend. Acad. Sci. USSR 8, 55
1935).

8 R. Henstock and A. M. MacBeath, Proc. London Math,

Soc. Ser. 3 3, 182 (1953).
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It is of interest to point out that Wulff’s solution
is limited neither to the problem of minimizing sur-

face free energy nor to three-dimensional Euclidean

space. The general Brunn—Minkowski inequality’'®
can be used to prove the following theorem for
Euclidean space of m dimensions (E™).

Given a positive function of direction in E™, f(#).
Then, among all closed bodies of fixed m-dimensional
volume, V,, the [(m — 1)-dimensional] surface inte-
gral of f(#) is least when, and only when, the body is

C. A. JOHNSON AND G. D. CHAKERIAN

that given by Wulff’s construction, using (m —1)
dimensional hyperplanes. Further, it can readily be
shown that this minimum value is given by

where f(+4%) are the values of the function for op-
posed surface orientations and w(#) is the width
of the Wulff body of volume V,, in the direction 7.’

% C. A. Johnson, Surface Sci. (to be published.)
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A vacuum electromagnetic field is considered which is (a) stationary below a hypersurface =
intersecting all parametric lines of the time coordinate ¢ and (b) nonradiative above =. It is proved
that such a field is stationary also above =. The same theorem is proved to be valid for the pure
gravitational field in general relativity and for the combined gravitational and electromagnetic

field in the Einstein-Maxwell theory.

INTRODUCTION

T seems at present inevitable that approximation
methods should be used to study gravitational
radiation. One of the questions of primary interest
is the discussion of the emission of gravitational
radiation by a given nonstationary material system.
To achieve this it is indispensable to formulate and
use conditions which shall exclude incoming radia-
tion. We shall not enter here in the rather delicate
question of the possibility to find purely local forms
of such a condition. Instead we shall consider only
fields which have the following property: The field
is stationary below a characteristic hypersurface =
which will be supposed to coincide asymptotically
with an elementary cone, open into the future, of
the limiting Minkowski metric. Evidently there can-
not be any incoming radiation in such a case. It
might be useful to recall that this assumption has
been used directly or indirectly in all recent work on
gravitational radiation.' ™
For a clear formulation of the aim of this paper the
following second remark will be needed. The gravita-
tional field quantities which describe radiation at
large distances from the sources are the terms of the
curvature tensor which tend to zero as 1/r forr — .
This result is contained implicitly already in the
first discussion of gravitational radiation by Ein-
stein'® and has been confirmed directly by the recent
work on the subject. A similar result holds, of course,
also in the Maxwell theory (in special relativity):

* On leave of absence from Institut Henri Poincaré,
Paris, France.

1'W. B. Bonnor, Phil Trans. 251, 233 (1959). .

2 D, Geissler, A. Papapetrou, and H. Treder, Ann, Physik
2, 344 (1959).

$ H. Bondi, M. G. v. d. Burg, and A. W. K. Metzner,
Proc. Roy. Soe. (London) A269, 21 (1962).

+ R. K. Sachs, Proc. Roy. Soc. (London) A270, 103 (1962).

s B, Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).

8 E, Newman and T. W. J. Unti, J. Math. Phys. 3, 891

1962).

( 7 A. Peres, Phys. Rev. 128, 2471 (1962).

8 A. Papapetrou, Ann. Inst. H. Poincaré Al, 117 (1964).

* A. Papapetrou, Nucl. Phys. 57, 319 (1964).

10 A, Einstein, Berliner Berichte 1918, 154.

Electromagnetic radiation is described, at large dis-
tances from the sources, by the terms of the field
tensor F,, which are proportional to 1/r. We shall
call these terms, for brevity, the radiative terms of
the gravitational or the electromagnetic field.

The following theorem will now be proved. A field
which is stationary below a characteristic hyper-
surface Z and has no radiative terms above = will
be stationary also above Z. The proof will be com-
plete for the Maxwell field in special relativity. But
there will remain a certain lack of completeness in
the case of the gravitational as well as of the com-
bined gravitational-electromagnetic field. The exact
nature of the mathematical difficulty which is still
present will be clear later.

II. THE ELECTROMAGNETIC FIELD IN
SPECIAL RELATIVITY

A. Proof Based on the Field Equations

Throughout this paper we shall assume that the
material system which constitutes the sources of
the field we are considering is contained, for all
values of the time ¢, inside a cylinderlike tube around
the ¢ axis whose three-dimensional section is a sphere
of radius a:

i =0, 1)

We shall not be interested in the field inside the
region r < a. .
We shall use Lorentz gauge,

for r > a (and every i).

7"4,,, =0, (2a)
in which case the Maxwell equations are
04, = 0. 2)

The retarded solution of this equation is given by
the formula

a6t = [, nex)

T=t—R, R =X — 2.
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In the case of sources j, satisfying (1) it follows from
(3) that the potential 4, will be, in the region r > a,
of the form

o 1 ;

Au = Zl F'nfu(t -t ); (4)

= @), &=z (42)

The expression (4) must of course satisfly Eqs. (2a)

and (2).

It will be preferable to work with the electromag-
netic field F,, = A,,, — A,.,: We shall in this way
avoid any trivial “radiative” terms which might
occur in A,. It is seen at once that F,, will be again
of the form (4):

F‘u = Z%nFuv(t_—

n=1

r, &) 6)

Maxwell’s first set of field equations now reads
aF,, = 0. (6)
There is also the second set of equations,
Fpn = 0. @)

For the proof of our theorem it will be sufficient to
use (5) and (6).

We shall now state exactly the assumptions on
which the proof of our theorem will be based.

(a) The field is stationary below Z:

F,,.. =0 orequivalently .F,,.. =0
for all n. 8

It is known from elementary considerations that a
stationary electromagnetic field cannot have a term
proportional to 1/r. Hence we shall have, besides (8),

lFul' = 0. (Sa)

(b) The field has no radiative term above Z;
i.e., we shall have the condition (8a) in the whole of
space-time.

(¢) The demand that = coincides asymptotically
with an elementary cone opening into the future has
the consequence that the equation of £ will be of
the asymptotic form

t_r+...

the omitted terms being independent of ¢ and of
order r* with A < 0.

For the proof of our theorem we shall need the
following relation, derived by a straightforward com-
putation:

= const 9)

A. PAPAPETROU

_2n — 1) 3f 1

D f(t —_ r? E‘) + r"+2

™ ™t 8t

k kil k af

X{(EE 6)65 a£+2£ P

According to assumptions (a) and (b) the expression

(6) for F,, will now start with the term n = 2. It

follows then from (10) that the leading term of the
left-hand side of Eq. (6) will be —(2/7%) ,F,, 4.

[When we consider a field with a radiative term,
F,., 0, the left-hand side of the field equation (6)
starts again with a term proportional to 1/7°, the
term proportional to 1/r* dropping out because of
the factor » — 1. The physical meaning of this fea-
ture is that the field equations do not determine
1F .4, the time dependence of the radiative part of
the field being arbitrary. The second set of Maxwell’s
equations (7) imposes certain restrictions on the six
quantities ,F,, with the well-known result: The
leading parts of the electric as well as of the magnetic
field are orthogonal to the radial direction as well
as to each other and of equal strength; the necessary
and sufficient condition for the nonexistence of elec-
tromagnetic radiation is thus found again to be
IF w = 0']

Consequently, it follows from the field equation
(6) that we shall have ,F,, , = 0 in the whole of
space-time and not only below £ as we assumed in
(8).

Again by using (10) we find that the next term of
the left-hand side of (6) is

— n{n — l)f}- (10)

1
F {“4 3F;4v,4 + (fkg 51‘!) Ak ngel ZFuv

of* 6&
+ 25 a£k2 wy 22F‘u}'

The coefficient of 1/r* must vanish because of (6):

1 kel k1
Z{(EE — 6 )ag agl as }2Fuv-

Since .F,, has been already found to be time inde-
pendent, it follows from this last relation that ;F,, ,
will be also time independent. But according to as-
sumption (8) ;F,, . vanishes below Z. Hence, it will
vanish in the whole space—time. By the same reason-
ing we find from the subsequent terms of equation
(6) that JF,, ., sF,,.« and so on will vanish in the
whole space—time. But this is then the theorem we
wanted to prove.

It might be useful to remark that for this proof it
is not necessary to use a characteristic hypersurface
2. Exactly the same reasoning can be repeated with
any hypersurface Z’, subject only to the condition

3F’ur,4 = + 25
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that it intersects all the parametric lines of the co-
ordinate ¢ at points with values t > — =,

The general form of a nonradiative electromag-
netic field, which is not supposed to satisfy the con-
dition (8), can be easily determined by a similar
reasoning, We firstly derive from the vanishing of
the coefficient of 1/7° in (6), as before, ,F,, , = 0.
But now from the vanishing of the coefficient of
1/7* in (6) we conclude only that F,, , is time-inde-
pendent, or equivalently .F,, ,, = 0. Similarly, the
coefficient of 1/7° gives ,F,, .14 = 0; the general re-
sult is given by the condition

L F,) /80 = 0.
B. Proof Based on the Properties of Shock Waves

It has not been possible to prove this theorem by a
similar method for the gravitational field, when the
exact field equations of general relativity are used.
For this reason we shall now give a second proof of
the theorem for the electromagnetic field. We shall
then see later that it will be possible to apply this
new method to the gravitational case too.

This proof will be based on the properties of shock
waves. We therefore must start by enumerating the
essential properties of electromagnetic shock waves.
[See e.g. Ref. 11, where these properties are given in
the form which will be useful to us here. Actually
Stellmacher discusses the combined Einstein—-Max-
well theory. To arrive at the formulae which are
valid in the simple Maxwell theory (in special rela-
tivity) one has to put g,, = 7,, in the whole space—
time.] For a more concrete reasoning we shall con-
sider a shock wave of order 2; it will be seen later
that the results at which we shall arrive are valid
for shock waves of any order. Thus we shall now
assume that on the hypersurface £ there are dis-
continuities of the second derivatives of the elec-
tromagnetic potential A,. These discontinuities, nor-
mally denoted by [4,.,.], are of the form

[AF-PV] = ‘pﬂpﬂp’, (12)

p, being the normal to the hypersurface =.

Further we shall assume that the shock wave is a
genuine, physically meaningful one; i.e., we exclude
trivial shock waves, the discontinuities of which can
be eliminated by a gauge transformation. £ must
then be a characteristic hypersurface and p, is a
null vector at every point of Z, »°p, = 0. The dis-
cussion will be simplified if we assurne that any trivial
discontinuities, which might be initially present,
have been eliminated by an appropriate gauge trans-
formation, so that only the genuine discontinuities

11

1407

remain. The quantity ¢, entering in (12) will then
behave like a vector. From the Maxwell equations
we find for ¢, firstly the local condition

ep" = 0. (13)

In the case of a genuine shock wave ¢, cannot be
parallel to p, and therefore it will necessarily be a
spacelike vector. Thus the necessary and sufficient
condition for the existence of a genuine shock wave is

—p0 = J > 0. (14)

The scalar J may be called the amplitude of the
shock wave.

Besides the algebraic local condition (13) there
are two differential or propagation conditions on
¢, which also follow from the Maxwell equations.
The first one contains the amplitude J and has the
form of the continuity equation

(JP“):;: = 0.

It is this equation which will allow us to arrive at
a proof of the theorem. Since J # 0, we can write
(15) in the form

(In J),.p"* + p*.u = 0. (152)

It will be convenient to use cartesian coordinates,
in which case the covariant derivatives reduce to
ordinary ones,

The equation of the hypersurface Z being given
by (9), we find for its normal vector p, or p* the
asymptotic form

pu=(“‘§‘+"'11)1 p"=(5‘+"'11)y (16)
the omitted terms being at least of order 1/r. From

the second of these equations we derive by an im-
mediate computation
p“.u = 2/7'“{' R

the omitted terms being at least of order 1/r%. To
calculate the first term of Eq. (152) we must remem-
ber that J is a function defined only on =. It will
therefore be convenient to consider it as a function
of z* only, ¢ being on T a funetion of z° according to
(9). It then follows that the leading part of the first
term of Eq. (15a) is

(In J). & = 3(n J)/ar.
Thus Eq. (15a) reduces to

(15)

an J)/ar + 2/r 4+ --- = 0. (17a)
The integration of this equation gives
J =178, 0) + -+ an
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with f # 0. From (17) and (14) we conclude that
the discontinuity vector ¢, of a genuine shock wave
will necessarily have a nonvanishing part propor-
tional to 1/r.

From (12) and the definition of F,,, F,, = A, , —
4A,,,, we derive the relation

[Fuv,a] = (‘pvpll - (Pupv)pa- (18)

This equation ean be solved for ¢,, if we introduce a
vector n* satisfying the two conditions

g’ =0, pn” = 1.

Multiplication of (18) by n*n® gives
[Fuv.a]n“na (183,)

The meaning of this relation is evidently that, when
a genuine shock wave of order 2 is propagated on
Z, the discontinuity of the first derivative of F,,
will necessarily have a (nonvanishing) part propor-
tional to 1/r.

We shall only mention that in the case of a shock
wave of order n # 2 we have again equations iden-
tical to (13), (14), and (15). The only difference is
that ¢, is now defined by the relation

= @O,

[An.axan"'an] = ¢PaPas *** Dan-

We find then, by repetition of the previous argu-
ment, that the derivatives of order n — 1 of F,, will
have discontinuities which contain a (nonvanishing)
part proportional to 1/r.

Now according to our assumptions the relation
(82) is valid below as well as above Z, the field start-
ing in the whole region » > @ with a term propor-
tional to 1/7°. The derivatives of F,, will then also
start with terms proportional to 1/#* and conse-
quently there cannot be any part proportional to
1/r in the discontinuities of F,, or of its derivatives.
But then it follows from (18a) that there cannot be
any (genuine) shock wave on Z; the same result will
evidently be true for any other characteristic hyper-
surface of the same type situated above Z.

A physicist might be willing to accept that the
nonexistence of any shock wave on a characteristic
hypersurface 2, below which the field is stationary,
means that the field will be stationary also above
Z. But such a conclusion is not justified mathe-
matically: There are functions f(¢) which are constant
in the region ¢ < ¢, and nonconstant in ¢ > ¢, and
still have all derivatives 9"f/3¢" continuous at ¢ = ¢,.
For a complete clarification we shall have to use
again the field equations. This is very easily done in
the electromagnetic case. Indeed, we derived from
the Maxwell equations the result that the general
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retarded nonradiative electromagnetic field will de-
pend on ¢ through the elementary functions ', A =
0,1, 2, --- . But then it is seen at once that the
derivative of order A would be discontinuous on Z.
Therefore the nonexistence of a shock wave on Z will
really mean that the field must be stationary also
above Z.

THE GRAVITATIONAL FIELD

Gravitational shock waves have the same essential
properties as the electromagnetic ones.' It is there-
fore possible to repeat the reasoning we have devel-
oped for the electromagnetic field also in the case of
the gravitational field. We shall in this way prove
that the same theorem is valid for the gravitational
field too.

We shall consider only gravitational fields which
satisfy the usual boundary conditions,

Gu — N for r— o,

Therefore there will exist in them characteristic
hypersurfaces £ having the properties we have de-
manded before; they will have again an equation of
the asymptotic form (9). We now assume that on a
given T of this type there is a genuine gravitational
shock wave of order 2. The corresponding discontinu-
ities of the second derivatives of g,, will be given by
a formula similar to (12),

[gu”-aﬂ] = YD Pss (19)

p. being again the normal to 2, satisfying
p.p”* = 0.

Further we shall assume that no apparent discon-
tinuities exist on Z: If such discontinuities would
exist initially, we eliminate them by an appropriate
coordinate transformation. Under these assumptions
v,» Will behave as a tensor. Because of the Einstein
equations, B,, = 0, the tensor v,, will satisfy the
following local conditions:

Ywg’ = 0. (20)

We shall not enter into a more detailed description
of the structure of v,,, but only state the result ac-
cording to which the necessary and sufficient con-
dition for the existence of a genuine gravitational
shock wave is

‘YI“'p, = 0’

17" = K > 0. (21)

For the amplitude K we get again from the Einstein
equations the following propagation relation:

1 F, K. Stellmacher, Math. Ann, 115, 740 (1938).
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Kp Die = 0. (22)

Since we have assumed that K > 0, we can re-
write Eq. (22) in the form

(an),apa + pa;a = 0. (223:)

Now from the equation (9) of Z we derive the as-
ymptotic results:

pa:a=2/r+ Tt

(In K),.p* = d(In K)/or + --- .
Hence, Eq. (22a) will take the form
o(n K)/or + 2/r 4+ --- = 0.

This has exactly the form of Eq. (17a) and will there-
fore lead to a similar result:

K =1r7%(8,¢) + --- (23)

with (8, ¢) # 0. Going back to Eq. (21), we find
finally that the discontinuity tensor v,, of a genuine
gravitational shock wave will necessarily contain a
(nonvanishing) term proportional to 1/r.

A similar result can be derived for the discon-
tinuity of the Riemann tensor. In the case of a
shock wave of order n = 2 we have the relation

2[Ruraﬂ] = 7uﬂpvpa + 'Ymp,.pﬁ

- ’Yvﬂpppa - ’Yltapvpﬁ'
Let n* be a vector with the properties

24)

Yo' =0, pnt=1.

Multiplying equation (24) by n'n® we find
2[Ruvaﬁ]nvna = Yus-

This relation shows that [R,,.s] will necessarily
contain & part proportional to 1/r, if there is a gen-
uine shock wave of the order n = 2 on Z. We shall
only mention that the same reasoning can be used
in the case of a shock wave of order n £ 2, The final
result is that the derivatives of order n — 2 of R,,.s
will necessarily have discontinuities containing a
part proportional to 1/7.

We now recall that the two assumptions, under
which the theorem we want to prove should be
valid, are the following: The gravitational field is
stationary below = and nonradiative above =. This
means that the curvature tensor will have no part
proportional to 1/r also in the region r > a. But
then it follows immediately from our results that no
genuine gravitational shock wave of any order can
exist on Z, or on any similar characteristic hyper-
surface situated above Z.
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The conclusion we have reached is of course weaker
than the statement that the field should be stationary
also above Z, There is no doubt that in order to
arrive at this statement one must get some additional
help from the field equations. But we could not see
how to obtain this result by using the exact Einstein
equations.

It is of course quite easy to obtain this result with
the help of the linearized Einstein equations of the
first order. But such a simplified proof will no doubt
be considered as not entirely satisfactory. It will
therefore be sufficient if we indicate very briefly
the main line of the reasoning without entering into
the details of the calculations.

With the de Donder condition the field equation

of first order is
D],Q'" = 0. (25)

The first-order term of R,,.p is linear in ,g*" and
will therefore satisfy the equation

ORuas = 0. (25a)

We shall have to use the retarded solution of (25).
This leads to relations similar to (4) and (5):

o

14 1 14 3
87 = 2 m A - 8, (26)
n=1
lRu’aﬂ = E ;l? nhuvaﬁ(t -r E.) (263‘)

n=1
Our assumptions are analogous to (8) and (8a):
wPurag,e = 0 below T, @7
hwas = 0 everywhere.

From these assumptions and the field equations
(26a) we derive, with the help of the relation (10),
exactly as in the electromagnetic case:

Puvap.s = shuwas.s = -+ = 0 everywhere;

i.e., the theorem has been proved.

We shall add a last remark. The quantity ;R ...
is linear in the second derivatives of ,¢*". It follows
that in the case of a stationary field ,R,,.s will start
with the term proportional to 1/7°, i.e., we shall have
also sh,,.s = 0. This result can be derived from the
equations (25a) combined with the Bianchi identity,
1R uias.v1 = 0, and the symmetry relation ;R ,,.s =
1Repu. From the same equations we could also
derive the detailed structure of sh,,.s. This corres-
ponds to the fact that in the case of a stationary
electromagnetic field one can derive from the two
sets of Maxwell’s equations firstly the vanishing of
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the term of order 1/r and then the detailed structure
of the term of order 1/r%, i.e., the relations

1 “;=0; 2F,‘k=0.

We shall not give any details as we feel that this
kind of calculation is of little interest.

Though we have not found a fully satisfactory
mathematical proof, it seems that there can be no
doubt that the following theorem is valid: A gravita-
tional field which is stationary below a hypersurface
2 and has no radiative part above = will be sta-
tionary everywhere. Or, equivalently, any gravita-
tional field which is stationary below = and (essen-
tially) nonstationary above = will necessarily con-
tain emitted gravitational radiation. We recall that
an equivalent conclusion is implicitly contained in
the results of the discussion of the radiation problem
obtained by Newman and Unti.® The same con-
clusion should of course follow also from the calcula-
tions according to the method of Bondi,® when it

2F,'4 = COI’lSt E‘,
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will be possible to develop them to a higher ap-
proximation.

THE COMBINED GRAVITATIONAL AND
ELECTROMAGNETIC FIELD

We mention briefly that results similar to those
obtained for the gravitational field will be valid also
in the Einstein—-Maxwell theory. The reason is that
in this theory too there is a propagation relation
having the same form as before'':

{(K + «/)p®}a = 0.

K and J are the amplitudes defined by (21) and (14)
and « is the gravitational constant. The important
feature is that the quantity K -+ «J is again positive-
definite and will be necessarily nonzero for any
genuine shock wave. The rest of the reasoning is
essentially identical to that given for the electro-
magnetic or the gravitational field. The proof is
again incomplete as in the gravitational case.
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A discussion is given of the initial speeds at which superconducting material changes state ac-
cording to the London electrody namics. These transitions are taken to occur in the form of phase
boundary motions. Phase changes from the normal to the superconducting state and vice versa are
considered for the cases in which the external magnetic field is radiated to the boundary of the
superconducting material. A distinct difference is found in transition rates depending on whether the
transition is from the superconducting or from the normal state. In another case considered, the
transition from normal to super is studied when the superconducting material is bounded by a good
conductor. In all cases, constant critical field is taken as the switching criterion. The mathematical
treatment involves the approximate solution of free boundary problems and mixed hyperbolic-

parabolic boundary value problems.

1. INTRODUCTION

HE use of superconducting elements in com-
puter switching devices requires knowledge of
the dynamic behavior of superconducting materials
as they change from the superconducting state to
the normally conducting state. Although there has
been an exceedingly fruitful development of the
understanding of the fundamentals of supercon-
ductivity on & microscopic level in recent years, a
time-dependent theory has not yet evolved. There is,
however, a phenomenological model, that of Lon-
don, which is known to be reasonably appropriate
under certain limiting size and impurity require-
ments, and which can provide an electrodynamics
theory. In fact, it appears to be customary to ex-
pect any theory of superconductivity to reduce, at
least in form, to London theory when the ratio of
the dimensions of the super conductor to an intrinsie
parameter of the material, the penetration depth,
becomes large. Ittner' has suggested a method of
retaining the simplicity of the London formulation
while taking into account the necessary quantitative
alterations that are known to occur as the ratio
mentioned above becomes smaller. With this in mind,
this paper treats some cases of dynamic super con-
ductivity in the London electrodynamies. The model
taken for the transition is that of a phase change
and a phase boundary motion, It is understood, of
course, that the phase boundary will, in reality, be
a transition region, perhaps of the order of the
coherence length. Thus, the moving interface in the
problems discussed here will be understood as a
limiting case of this region.
* The results reported in this paper were obtained in the
course of research jointly sponsored by the Mathematics
Branch of the Office of Naval Research [Contract Nonr-

3504(00)] and IBM.
1'W. B, Ittner, ITI, Phys. Rev. 119, 1591 (1960).

The transition speeds that occur when supercon-
ducting elements are transformed from one state to
another by altering the external magnetic field have
been calculated from the phase change model for
the case in which a superconductor is switched to a
normal conductor. The transition rates for bulk ma-
terials with zero penetration depth (when the ratio
mentioned above is infinite) have been given both
for the isothermal case® and for the case in which
eddy-current heating and latent heat are taken into
account’'*. The effect of nonzero penetration depth
on transition in bulk eonductors (the ratio is large
but finite) and in finite-width films has also been
treated®'® under isothermal conditions. The present
report includes consideration of what might be called
the backward switching problem, the isothermal
change from the normal state to the superconduct-
ing state. The case taken up will be that of a half-
space of normal material at one edge of which a
suberitical magnetic field is applicable.

The objective of the present study is to understand
how, within the London theory, the superconducting
region grows and expels magnetic flux from the
normal region. Faber’ has experimented with ini-
tially normally conducting but supercooled rods, and
has found that the superconducting state may be
induced by locally reducing the magnetic field
strength at a spot on the surface of the rod. In the
experiments a linear superconducting filament was
found to travel down the length of the rod, re-
maining on the surface. Next a sheath formed cir-
cumferentially on the surface and, finally, after the

2 A. B. Pippard, Phil. Mag, 41, 243 (1950).

@ W. B. Ittner, ITI, Phys. Rev. ng)pl. 111, 148 (1958).

4+ A, W. Duijvestijn, IBM J. Res. Develop. 3, 2, 132 (1959).
(19% g Cohen and W. Miranker, J. Math. Phys. 2, 4, 575

¢ W. Liniger, J. Math. Phys. 3, 3, 578 (1962).
7 'F, E. Faber, Proc. Roy. Soc. {(London) A223, 174 (1954).
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sheath closed about the surface, a very slow penetra-
tion began towards the interior. The half-plane prob-
lem studied here may be considered to represent
only the final stage. The rate at which the super-
conducting region moved into the normal portion
of the rods was such that Faber could explain it
only on the basis of an interstitial leaking outward
of the flux. For any real material this is undoubtedly
a part of the explanation. The question posed here,
however, is what London theory predicts about the
casting out of the magnetic field from the normal
region. The rate of transition for this backward
switching will be compared with the rate of transi-
tion from the superconducting to the normal state.
Because only the half-plane is considered, the ques-
tion of how long it takes to completely cast out
flux from a finite body does not occur. In fact, the
results obtained here show only how the transition
process begins in each case.

The analysis quickly indicates that the external
magnetic environment must be examined to under-
stand backward switching. Section 2 of this paper,
in which the equations and boundary conditions
are derived, discusses this point. In Sec. 3, a par-
ticular external magnetic field, a magnetic signal
propagated through a vacuum to the superconduct-
ing material, i3 considered. The transition is de-
seribed in its initial phase. In Sec. 4, as a comparison,
a superconducting half-space is switched to the
normal state by the same sort of external driving
field. Both of these analyses differ from previous
transition studies in that a nonzero rise-time for the
driving signal is allowed. In Sec. 5, a superconducting
to normal transition is studied in the case that the
external region is a good conductor. There have been
several recent considerations of the behavior of
superconductors in the neighborhood of highly con-
ducting, but not superconducting, metals.®*°

Section 6 of the paper contains the results from
some numerical examples that have been carried out.
The idea has been only to exhibit a comparison of
initial transition speeds for the various cases consid-
ered and not to make a comprehensive numerical
study. It is shown that for bulk materials the transi-
tion produced by a signal radiated through a vacuum
to the superconducting material depends on the rise-
time of the signal. For very fast rise-times, the
penetration depth has little influence on the inter-
face propagation rate in forward or backward switch-
ing. As the signal rise-times become slower, penetra-
tion effects take hold. It appears that the backward

8 L. N. Cooper, Phys. Rev. Letters 6, 689 (1961).
? R. H. Parmenter, Phys. Rev. 118, 1173 (1960).
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switching process becomes slower than forward
switching. In fact, the speed of the backward phase
boundary decreases with the square root of the
rise-time of the input. On the other hand, the
forward motion appears to approach in the limit
a simple function of the penetration depth. This
indicates a rather definite difference in behavior of
the two, which is discussed in Sec. 6.

It is difficult to compare the backward transition
speed in the case in which the external region is a
good (nonsuperconducting) conductor with previous
results for the forward transition under a step-func-
tion driving field. As is explained in Sec. 5, other
conditions are required for the backward switching
to begin than in the forward case, and, therefore,
additional parameters are presented in the calcula-
tion. Included in Sec. 6 is an indication of the speeds
achieved in this case and in its asymptotic stage.

It should be borne in mind that the authors of
this paper are aware of the limitations of London
theory and its electrodynamics. One important lim-
itation is its neglect of nonlinear effects which lead
to a dependence of the penetration depth on the
field as described, for example, by the Ginzburg-
Landau'® equations. On the other hand, since there
are no time-dependent Ginzburg-Landau equations
at present, this paper has been done in the spirit
of providing some insight into the mathematics of
the London model as a limiting case of other, more
inclusive, physical models.

Finally, it should be remarked that it is difficult
to compare the results and proposals of Nethercott."
The present calculations rely heavily on the phase
boundary model, whereas Nethercott’s ideas are to
be associated with transition regions.

2. FORMULATION OF THE PROBLEM

The formulation of the problem follows closely
on that given in Ref. 4. Consider a half-space, z > 0,
of superconducting material which for all time is
held at a suberitical temperature. For z < 0, let
there be a half space of nonsuperconducting ma-
terial (see Fig. 1). All magnetic fields will be taken
to be perpendicular to the plane of the paper such
that there are current and electric field components
in the positive y direction only (see Fig. 1). Further-
more, H, the magnetic field, will be allowed to assume
only positive values.

The magnetic field in the whole space, for T' < 0,
is assumed to have attained a steady initial distribu-

1V, L. Ginzburg and L. D. Landau, Zh. Eksperim. i Teor.

Fiz. 20, 1064 (1950).
11 A, H. Nethercott, Jr., Phys. Rev. Letters 7, 226 (1961).
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tion. If this is such that at z = 0 the field is below
the critical value H,, the region z > 0 will be super-
conducting and there will be a field, H*(z, 0), in
the region (essentially an exponentially decaying
field); if it is above, the half-space will be normal
and the field, H' (z, 0), is a constant. At T = 0 the
external field is altered so that the plane x = 0
eventually or instantaneously has H(, T) = H.,.
A transition front then moves into the right half-
space, and it is the initial behavior of this front
that will be studied in the sections that follow. This
initial behavior depends on H " (z, 0), H., the external
field (x < 0), and the material constants. One of
the interesting observations is that it is not always
sufficient to specify only the value of the magnetic
field along ¢ = 0, but it is also necessary to give
information on the derivative, H,(0, T), or on the
electric field, E£(0, T), along this line,

With reference to the equations given in London’s
book'”> and in Ref. 4, it is possible to set out a
boundary-value problem for the switching process
described above. It is convenient to normalize the
actual dimensional coordinate x with respect to
some scale of distance, z,. and also to normalize the
time scale by a factor, (z/c”)4ne”, so that the di-
mensionless variables are z = x/2,, t = Tc’/4nzic™.
¢ is the velocity of light and ¢" is the Ohmic con-
duetivity in the normal region.

The differential equations that hold for the mag-
netie field in each of the three types of regions are
as follows (4, —, 0 will be consistently taken to
refer to these regions): superconducting region in
the normal state,

H!, = H +v*H.}; .1

supercondueting region,

H, = oH™ + BH + v;°H .5 (2:2)

nonsuperconducting (external) region,
H:. = 8°H} + v °Hi..

Here 8 = ¢°/¢” and 8° = ¢°/¢”, where ¢°, ¢° are
the Obmic conductivities in the super and external
regions, respectively. v, = 2,(4we”)c™? is the dimen-
sionless wave velocity in the external region under
the present normalization.

These are derived by using the Maxwell and
London equations. @ = 4=xzj/Ac’ is the square of
the ratio of the arbitrary distance scale and the
London penetration depth.

2.3)

2 P, London, Superfluids (John Wiley & Sons, Inc., New
York, 1950), Vol. I.
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Actually Eqs. (2.1), (2.2), and (2.3) will take on
special forms for the particular problems studied
below. The term resulting from the displacement
current will be neglected in regions in which there
is a large conductivity. Thus, Egs. (2.1) and (2.2)
become

H;, = HY, (2.1a)
H, = oH™ + BH7. (2.22)

Equation (2.3) will become
H., = g°H} (2.32)

when the region exterior to the superconducting ma-
terial has high conduetivity (Sec. 5). However, it
will reduce to

o —2770
H,, =vw H,

(2.3b)

when the exterior region is taken to be a vacuum
{Secs. 3 and 4).

The free boundary, the interface between normal
and super regions will be given by z = #(T), which
becomes {(t) = &(T)/z, in the dimensionless system.
Across the free boundary the magnetic field is con-
tinuous and attains the critical value, H,. (The
actual switching criterion is thought to be somewhere
between a critical field and critical current eriterion.
We adopt here the simplest critical field hypothesis.)
The total current is not continuous however, across
this interface nor is it continuous across the boundary
z =0

This is due, of eourse, to the presence of the super-
current in the superconducting region. This dis-
continuity in the total current can be expressed as
a single condition for the case in which the boundary
moves into a half-infinite normal region (Fig. 2).
This also represents the continuity of the electric
field.
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Fie. 2. (a) Magnetic fields and fres boundary in physical
space. (b) Moving boundary in 2—¢ space.
BOH™(5(2), £)/8z — aH(¢(8), 1)/ 0z

= —Bu B0, t) — %: 0,1 -« j:m H @z, 1) da.

2.9

For the case in which the boundary moves into
a half-infinite superconducting region (Fig. 3), the
current discontinuity at z = {(f) takes the form

82 ¢, 0 - 2y,

©

H(y, 1) dv.
[4¢H]

Observe that because of the finite extent of the
superconducting region in the first ease [Eq. (2.4)],
it is necessary to have information on both boundaries
of the superconducting region. This occurs because
the magnetic field is defined as an integral over the
superconducting current density by the London equa-
tions. (In our notation the London equations are

(2.5)

=«

s _ Zobo - By _ _ Zo gy-
at Ac ' 9z Ac !

where j, is the supercurrent; A is London’s material
constant.) In addition, because the two London rela-
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tions are not identical in finite superconducting
regions, Eq. (2,4) is not sufficient and must be
augmented by the relation

—3H ™ /02(0, t) — Br.E°(0, t)
= v f B0 dy. @0

This is applicable only in the case of a normal to
superconducting transition when the superconduct-
ing region is finite.

Equations (2.4) and (2.5) provide the boundary
conditions on the moving interface and Eq. (2.6) a
supplementary one on the stationary interface, z = 0.
The other boundary and initial conditions are more
easily stated in terms of the particular problems and
are given in the succeeding sections.

In Ref. 5, a discussion was given of the behavior
of the Eqs. (2.1a) and (2.2a) and the interface condi-
tion when a — «, This would be the case of zero
penetration distance, and it would seem as though
H™ — 0. It was shown, however, that for the super
to normal transition, a special interface condition
holds when ¢ — «, namely:

dH* (¢, §/8z = —H, d¢/dt. 2.7

T

7]

(a)

tn

(b)

o] z

Fie. 3. (a) Forward switching in physieal space. (b) Forward
switching in 2—£ space,
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Observe that dH"/9z < 0 and thus d¢/dt > 0 for
this super-to-normal case. In a similar manner, for
a normal-to-super transition, one may obtain the
same interface condition for & — «. But here 0H* /o2
must be > 0. Thus, H~ — 0 does not seem to be an
appropriate approximation even for very large « for
the “backward’ transition since it implies a negative
speed for the phase boundary.

3. BACKWARD SWITCHING BY A PROPAGATING
MAGNETIC WAVE

The special case to be considered here is rep-
resented in Figs. 4(a) and 4(b). The region z < 0
is a vacuum so that Eq. (2.3b) applies. For ¢t < 0,
there is a constant field H, everywhere in the entire
space where H, > H,. For ¢ > 0, a source of mag-
netic field, located at z = —I, provides a signal
H(—=1,t) = h*¢t) < H,. At t = 7, b*(+*) = H,.
The signal is propagated through the distance [ to
z=0 so that at {=1/v, the value of H on z=0 begins
to decrease from H, toward H, which it reaches at
a certain time 7. Let the value of H on z = 0 be
w*(t) so that w*(r) = H,. At time 7, a supercon-
ducting front forms on z = 0 and begins to pro-
pagate to the right. As the new region is formed,
the field in it is governed by Eq. (2.2a) while in the
normal region, z > Ofort < rand z > {(f) fort > ,
Eq. (2.1a) is to be applied. The boundary value
problem may be summarized here, but it is first
convenient to slightly alter the variables H°(z, {) and
H*(z, ). Let

u = [Ho(zy t) - He]/HM
v = [H'¢, ) — HJ/H,.
Then for allt > 0, —I < z < 0,

(3.1)
(3.2)

Use = U Ui (3.3)
u=1, 9 = TO= T =y, ney = Bt
(3.4)
u0,) = TO=E 2wy, wiy - e
(3.5)
w(0) = 0, (3.6)
u(z, 0) = u,(z2,0) = 0. 3.7
Forr>t> l/ve, 2> 0
Vs = Uy, (3.8)
v(z, l/ve) = 0, (3.9)
(0, 1) = w(®), (3.10)
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Fia. 4. (a) Backward switching by a propagating plane
magnetic wave (physical space). (b) Backward switching by
a propagating plane magnetic wave (z—f space).

vz, 1) —> 0, z2— o, (8.11)

Fort > 7,2z > t(t)
Ve = Uy, (8.12)
v[s(®), 1] = (H, — H)/H.. (3.13)

v(z, 7) is preseribed by the solution of the prob-
lem for v in the region

> 1> /v, 2> 0.

Fort > 7,0 <2<

H,, = aH + BH7, (3.149)
or if

g, 1) = exp [of7'(¢t — DIH (@, )/H,,  (3.15)
g.. = Bq., (3.16)
90, £) = exp [of7'(¢ — D*(O)/H.,  (3.17)
g0, 7) =1, (3.18)
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as@), H = exp [af7(t — 7], (8.19)
Hry = 0. 3.20)

As was pointed out in the previous section, to
these equations must be added two other conditions
(2.4) and (2.6), which now take the form

-(s‘(t) 1) — exp [—af™(t — r) (i‘(l) )
= —up0, 1) — exp [~ — D520, 9

s
—a [ e [-agt - Dot Dy, (2D

— exp [—aB~'(t — 1)199(0, 1)/3z — Buee(0, 1)
= UOO‘ ‘/: 60(0’ 'Y) d’Y:

where ¢t > rand ¢ = E°/H,.

This rather large set of equations and conditions
may be broken up into the solution of three prob-
lems:

(3.22)

(1) For t < l/v,, & wave propagates from z = —I
to z = 0 and, obviously, one will find no disturbance
in the region z > 0.

2) For r > t > l/ve, wave motion carries the
decreasing magnetic field to z = 0. The value of
the field on 2z = 0, w(?), decreases, and the magnetic
and electric fields penetrate into the region z > 0.

(3) For ¢ > 7, since the critical field value is
obtained at { = 7, a superconducting front begins
and the region z > 0 is devided into two sectors.

Before setting out on this program it is convenient
to note that the electric field is given, as one ap-
proaches z = 0 from z < 0, by the expression

(3.23)

07 = 0,0 —u [ 07, dr

¢’(07, 0) is equal to zero in the problem at hand.

(1) Now consider the solution of Eq. (3.3) subject
to conditions (3.4), (3.5), (3.8), (3.7). It is most
convenient to divide the region —l < 2 < 0,¢ > 0
into the sectors indicated by wavefront motion (i.e.,
the characteristics of the equation) and, in fact, the
solution is only required in those sectors that border
on z = 0. In the region labeled 1, Fig. 4, which is
characterized by the inequalities z < 0, (2 ~— vot) <,
(z + vt) > 0,

u = wl(z + v} /v]. (3.24)

In region 2, characterized by z < 0, (z — vt) < 21,
(z + vot) > 1,

H. COHEN AND F. ODEH

w = w(z -+ vgt) _ k(z + gt — l)
Vg Yo

—z + vyt — Z)

+ h( o (3.25)

At this point, as matter of convenience, it will be
assumed that 2I/v, > 7 > l/v,. Solutions of the
form exhibited for regions 1 and 2 can, of course,
be written down quite simply for any such region.

(2) Turning to (3.8), a general solution for the
equation may be written in the form

exp [—z /4(t
vz, b) = f U= o)
Then, using Maxwell’s equations,
l f}w(a')
dc (¢ — );
Imposing the contmulty of electric field condition
0 £t < /v, we get

1 ' dw(o)
wr' Jy 00 (1 — o)}

N (o) do.  (3.26)

"0, 1) = de.  (3.27)

vo‘ll'

This integral equation has only the trivial solution
w = 0 and thus v = 0 here as it must be. However,
for I/v, < t < 7, the integral equation for w(?) is

2h(t - ;f;) — w(t)

f ow(e)
= ot - cr); do

The equation may be solved for w(t) and yields for
l/ 1}0 S t S 7y

w(t)=2vo‘/:h(t—é— )

X [(ﬂi); — v, exp (voo) erfe (voa*)il do, (3.30)
where h(f) = 0,1 < 0.

The time ¢ may now be defined since it satisfies
the condition

H, —H, _ '(_ln)
—zvo.l;h‘f %o 2

Hﬁ
X [(—1}5; — vy exp (20) erfo (voa*)] do.  (3.31)

de. 3.29)

The solution in the region z > 0, l/v, < t < 7
would now be obtained by inserting (3.30) into (3.26).

(3) For 2l/v, > t > 7, use must be made of the
solution (3.25) and appropriate solutions for (3.8)
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and (3.16). Now (3.21) and (3.22) must be imposed.
However, the difficulty lies in the fact that the
boundary {(f) is unknown. An exact solution in
the superconducting and normal regions, z > 0,
cannot be written down. Thus, the following plan
bas been adopted: General expressions are written
for the solutions in the two regions in terms of
undetermined singularity distributions along the in-
finite z axis. Then the distribution, as well as the
unknown boundary ¢(¢) are expanded in ascending
series in powers of (¢ — 7). In this manner boundary
conditions may be satisfied during the starting phase
of the switching process. Letting (t — 7) now be
denoted by ¢, the solutions have the form

q(z, t) — B% /jm ’m(o') €xXp [_(z - ‘7')26/‘”,] do’,

- 2t}
(3.32)
e ) = [ j «(o) exp [2;(:,): VA 4, (333
W=t +ar+at+ o, (339

where the {,/, are constants, and
m() = g me" (3.35)

and

v(@) = g v2" for 2<0 (3.36)
= iH,,z" for z> 0. (3.37)

n=0

Here, v(z, 7) is known for z > 0 so that the H, are
to be computed from (3.26) using (3.30).

Without going through all of the details, using
conditions (3.17), (3.18), and (3.19), one finds

my = 1, (3.38)
migy = 0, (3.39)
(2m./B)H, = (o/B)H,
+dw0)/dt (' =0=t=1) (3.40)
mify + 2my/B = o/B. (3.41)

Similarly, using (3.33), (3.36), (3.37), and (3.13)
yields

HO = (Ho - He)/Hu = Vo. (3'4-2)

In order to obtain further information, as was
mentioned earlier, (3.21) and (3.22) must also be
used. This means computing derivatives of the ex-
pressions (3.32) and (3.33) and also the proper inte-
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grals involved. Again, by expanding for small time
(t — 7), one finds

&G =0, (3.43)

v, = H,, (3.44)

vy = H,, (3.45)

6 = —2H,/H,, (3.46)
v; = WGH, + H, (347

by using (3.21) and (3.13) together. From (3.22)

my = —Bu[2kh{7 — Lfvy) — w(7)]. (3.48)
Finally,
& = { =20/ (= — U/vo)
+ @0 + £)6Bv[2h(r — T/v)) — w(7)]
— 2H,¢ — 6H,} (3 H) ™. (3.49)

Thus, ¢, and {3 are known in terms of H,, H,, H,
and k and w. The H, are by definition coeflicients
in the expansion of v about z = 0 for ¢ = 7, so that,
using (3.26),

1 /M 1 dw
IIl = _1?;_/; '—(T _ a')i E‘ (0') dG’, (3-50)
2H, = dw(r)/d¢,

td 2
L aw—l—a)}da. (3.52)

? 0?(7'—

(3.51)
6H, = —

Observe that (3.50) and (3.29) are nearly the same
and easily define H,.

To gain an idea of what these formulas mean
recall first of all that from (3.34) and the definition
of real time, T = (x2/c*)4we™t = (zo/c)vol, that

T + zower/c) = xo$( + 7)

3
= £ L L
B xol:(:c ) 6T Zalo or

olo

G -]
+x—(ﬂ);§—%T_|_..._

Further, consider a particular case for the driving
signal, A*(t). Let A*(¢) be the linear function

h*() = H,8t + H,,

(3.53)

where 6 < 0. Then

() = ot. (3.54)

Then the expression for 7, the (dimensionless) time
at which the critical field is first attained on z = 0,
is most easily given in terms of the quantity
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7 = vo(r — /vy, (3.55)
-2 2 - 2 -2 ® 2
'r—;;'r-l-l—,—r;exp(r) _exp(—)\)d)\
2
— vO(He _ Hc) —
= ol = 3. (3.56)

The quantities on the right are given, of course.
In fact (H, — H,)/(—8)H, is nothing other than
the time at which A*(t) becomes equal to H,.

If

B =1-— 7—?; exp (7)) j:m exp (=A%) d\, (3.57)
then
$1/vo = B('7')[27-'/Wi - B(i')]_l (3-58)
and
& _ _ pys
;% = I:l B(9)
_ T ' f(}-\) 3, 3r=2 __ -1
Uo_‘lr{fo m{d)\ @rt(7 ap~t, (3.59)
where
f() = (mx)™} — v, exp (ix) erfc (ezt),  (3.60)

A= (F/,
and
= Wi(H, — H.)/(—8H.,. (3.61)

The formulas (3.58) and (3.59) allow these coeffi-
cients to be computed for the special case of a
linear input signal. The results of a sample calcula-
tion are recorded in Sec. 6 of this paper.

4. FORWARD SWITCHING BY A PROPAGATING
MAGNETIC WAVE

In this section, the forward transition, from super
to normal, will be calculated for the same external
field behavior as in the backward switching prob-
lem of the previous section. This case is represented
in Fig. 5. For ¢t < 0, there will be a suberitical field,
H, < H,, imposed everywhere in the whole space.
This means that for z < 0, the field will be H,, and
for z > 0, it will take on the half-space penetration
distribution, H, exp (—a'z). Then, at ¢ = 0, the
field at 2 = —1is raised so that it passes through H..
This signal is propagated through the vacuum be-
tween z = —l and z = 0, as described in Sec. 3 and
carries the increasing field to the boundary of the
superconducting region. When the critical value is
reached on this boundary, at t = 7, a normal front
begins to move into the region z > 0. Again the
whole problem may be broken up in three parts:

F. ODEH

fpz*fy
He-Ho ——

w(t)
VA8 (Hc-Ho . ai‘ ¢ )

S
~ -~
\\%’/@ yiz, v} Yzz* By,
</ \\ —————————
>
/’ \\ Vo
z
FLLY 4 z=0

Fra. 5. Forward switching by a propagating plane magnetic
wave (2t space).

(1) For z < 0, the problem is quite similar to
to that of 1°in Sec. 3. Letting u = [H’(z, ) — H,|H",
we have

Ue = U()-zuu, (41)
u(=1,t) = [h*(@t) — H)/H, = h(t) > 0, 4.2)
ufz, 0) = u,z,0 = 0, 4.3)
w(0, 1) = [w*(®) — H/H, = w(). (4.9)
Then in region 1,
u = wi(z + vel) o, (4.5)
and in region 2
2z -+ vot 2+ vt — 1
w = ofhnt) (=)
+ h(——————z +v”°’ - l). (4.6)

(2) In the superconducting region, if the mag-
netic field is H*(z, t) and we define

y(zv t) = {[H!(Z, t)
— H, exp (—a%2)] exp (e87'D}H;', (4.7)

the equations and boundary conditions become, for
0<t<Lr

Yer = BY:, (4.8)
y(z, 0) = 0, 4.9
y(0, £) = [w*(t) — HolH." exp (a8™')
= w(t) exp (87'0) = g(8), (4.10)
w(0) = 0, (4.11)
yle, 1) — 0, z2— ©, 4.12)

Here w*(¢) is the value of H* at z = 0.
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The solution for z > 0, 0 < ¢t < 7, has the form

i pt ~ 2 _
y, t) = %fo g(o) exp([t _zigzi(t

At the boundary, z = 0, for ¢ < 7, continuity
of the electric field requires, for this case, that

N 4. (4.13)

ou 1 0¥ e
5 @0 dy = exp (—as™) 2L 0%, 1)

to [ o (—as iyt v, (@19

where V = 9, X v}. 9, is as previously defined (2.3)

and v} = (4wzo/c)e". Using the solution (4.13), we
obtain

Vf‘a—?f((r

- —é; exp ("—aﬁ_'t)f aa-(t—"—?da

) dy

o exp (—af't) g(o)
tEo A f @ — of 4

Thus in region 1, Fig. 5, the left-hard side is essen-
tially w(t), the equation is homogeneous in w, and
its unique solution, for 0 < ¢ < l/v,, 2 > 0,isw = 0,
as one would expect.

However, in region 2, inserting du/9z yields

(5)' e 0| w0 — 24t - )

_éq]
5 |do- (4.16)

(4.15)

- = [%"
Let

exp (B 'H)2h(t — l/vy) = f(¥). 4.17)

Then
(%) o) — o1

9 _
[ (t"‘f) [60’

This integral equation may be solved by using
Laplace transforms. The solution is in terms of a
double convolution,

g(t) = fot{fom%{’ﬁ(t—w— %)

[6(0} ———~)*; + ¢* exp (¢%0) erfc (Ca*)] }
X [(rs)™ + d exp (d%) erfe (—dsP)] ds, (4.19)

g g] do.  (4.18)
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where

{c = H{W'7 + da/8 + i),

d = ${p58™" + 4a/B1 — vip™H},

and 6(s) is Dirac’s delta function. At least formally
this is the solution for g(), I/v, < t > 7. At t = r,
g(r) = exp (af”'v)(H, — H,). Knowing h(r), this
gives an equation for 7.

(3) Again the stage is reached at which the free
boundary begins. For simplicity, it is again assumed
that r < 21/v,. Letting r(z, ) = [H (2, 1) — H,J/H,
in the newly formed normal region, the boundary-
value problem for r in the time interval r < ¢ < 21/v,
is;

T = Toy (420)
10,8 = [w*() — Hi/Ho = w(®), o0

w(’f) = [Ho - HO]/Hcr
r(g'(t)’ t) = (He - Ho)/Hc- (422)

For y(z, t) with 7 < t < 21/,
= By, (4.23)
Y, 1) = ’3 [ " 4(a) exp (g 2 %4(’ N 4y, (4.24)

Hyt@), )

= exp (') {H, — H, exp [}t ()]},  (4.25)

where ¢(f) = 0 for ¢t < 7. It will be useful again to
lett =t — 7, = ¢({), and thenfort = 0, {(0) = 0.
The same calculational procedure will be adopted
as was used in See. 3: r(z, 1) and y(z, {) are defined
by means of heat equation singularity distributions

** R(a) exp [—(z — o)*/41'] de,

e =, 2t} (4.26)
Y@, ) = j: ) Y(o) exp [Zz“ (tz’);— 0)8/4¢']
+ 4 : Y(o) exp [2—(73,): VA 4 gom

Again y(z, 7) is known for z > 0 so that Y(os) is
known [in terms of (4.13) and (4.16)]. The condi-
tions on y and r given above [(4.21), (4.22), (4.25)]
are not sufficient to determine these functions and
the free boundary . The continuity of E(z, t) at
z = ¢(t') and z = O must also be imposed. This
gives two additional relations:
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At z=¢
/3.— €@, D = exp (—af™) yw) D)

+ a fw exp (—aB ' Dy(o, §) do. (4.28)
ran
At z=0,
—ar(0, £)/82 = v,[2h(t — Lfvy) — w(D)]. (4.29)

Now the functions to be found will be expanded
in power series and a solution sought for ¢ small.

R =Ry + R+ Ry + -+, (4.30)

Y(0) = Yo+ Yo+ Yoo + -+, (4.31)

(@) =gt al F ot . (432)
Also the known function Y(o) is expanded

Y(@) = Yo + Yo + Yoo + --+,  (4.33)

Yo = (H, — Ho) exp (@f7'7)/H,.  (4.39)

These expansions are inserted into (4.26) and (4.27),
and condition (4.21) is found to be satisfied with

RO = (Ho e HO)/HG) (435)
R, = 3(0w/38")|:+ 0. (4.36)
Imposing (4.22) requires

By =0, (4.37)
B+ % i (¢ — 2a)° exp (—a®) da = 0, (4.38)

+ Ry — 20)°] exp (—a’) da = 0. (4.39)

The continuity condition at z = 0, (4.29) requires
R, = —vo[2h(r — l/v)) — w(7)], (4.40)
6R3 = _vo[2hl(7' - l/v[)) - w,(T)]. (4:.41)

(Primes refer to forward derivatives with respect
to the argument.) Thus, in (4.37), {; = 0, and (4.38)
is simplified. In a similar manner, using (4.22),
(4.25), and (4.28),.one obtains

Y, = Yo = exp (alg_lf)(Ho - Ho)/He; (4-42)

Y, =Y, Y, =, (4.43)
—2‘}12 — exp (@B™'7) -a(H, — Ho)/BH
S T T HHJHY exp B ) (B4
and finally,

T 7B, — of exp (aﬁ "DH,/H,)

H. COHEN AND F. ODEH

The final expressions for ¢; and {; are similar to
those obtained for the backward switching in See. 3.
For the computation of {,

_ oyl _ _(é)’ "1 9
w-% - fo T isedn (440
a 3%y ag
2‘92 = 2 =0 = ﬁ 80 a-‘r’ (4-47)

where ¢ is given by (4.19). Recall, however, that ¢
is obtained from the integral equation (4.18). From
the integral equation,

g(f):l

() f (r — a') ggd" _—’['Q(T)
(4.48)

- [ty
Thus
w=5[%0 - 500]

) [ [l -]

(4.49)

(The prime over the bracket in the last integral
means differentiation with respect to 7.)

The formulas given above have been employed in
computing the value of {, for the case of a linear
input signal. These may then be compared with
similar values obtained for the “backward” process
of Sec. 3. The results are described in Sec. 6.

5. BACKWARD SWITCHING BY A
DISCONTINUOUS MAGNETIC FIELD
In this section another backward switching prob-
lem is considered. Here, however, the external region,
z < 0, is taken to be a good conductor. The governing
equation for the magnetic field will then be

H;, = g°H, B = /). (2.3a)

It is assumed, in deriving (2.3a) that ¢° is com-
parable to ¢” and that wave effects may be neglected.
The particular external magnetic driving condition
that is considered is one in which the field at ¢ = 0
is instantaneously changed from H,to H, < H, < H,
forallz < 0 and to H, < H, at 2 = 0 (Fig. 6). A
singularity is thus imposed at ¢ = 0, 2 = 0, and
one may expect the boundary motion to begin in
in a singular fashion. This starting condition is im-
posed, however, in analogy to the problems which
have been solved for the “forward” transition in
which it is only necessary to specify the constant
value of Hon z = 0.°°

I'@
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Ho

Fia. 6. Backward switching by a discontinuous external
magnetic field (2-¢ space).

Equation (2.4) for the conducting external region
may be rewritten as

oHY oH*
_ BoH )
- BO aZ (O, t) az (01 t)
14¢2}
- a H*(z, ¥) dz. (5.1
0
The other conditions are :
H*(0, t) = H,, (5.2)
HG(), ) = H, = H'¢ @), 0), (5.3)
H"(z, 0) = H,. (5.4)

The solution for the external region may be given
without difficulty since it is of standard heat equa-
tion form:

0 _ _ 2(130)*
H (zp t) - Ha _21?_-

x [ @~ 1) =R [‘(j ﬂ_/j)(; =y, (5.5
From this
0 0Nk
im = LG, -y G

Setting H(z, ) = exp (—af 'O)v(z, t) and introduc-
ing this and (5.6) into (5.1), we get

oH" BN
B_az— (g‘) t) - €xp (_aﬁ t) dz (g-y t)

B 11 .0 _ iy &
—W_’r; 7 (H, H,) exp (—af 1) oz ©, 9

te)
— f exp (—af e, 1) de. G.7)
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Note that v must now satisfy
V.0 = B0, (5.8)

with v(0, £) =exp (8™ "8)H,, v(¢ (1), t) =exp (a8~ ') H,,
while H" satisfies

HY, = H,

with H(0, t) = H,, H( (), H) = H,.

At this point it is again necessary to turn to ap-
proximations. In this case, the small-time method
is used to obtain the initial behavior. It is also pos-
sible to obtain a large-time approximation.

(5.8a)

A. The Small-Time Approximation

For very small times, since exp (—aB8™'t) ~ 1
and [£ exp (—aB 't)v dz ~ o(l1), it appears that
a Stefan-like similarity condition will prevail. This
is indicated by the presence of the ¢ term on the
right-hand side of (5.7). If {(¢) is, as before, assumed
to have the form

=t +at+at+--, (69

where the ¢.,, are constants. Then HY and v will
be taken as

H*(@, t) = H*th), v = ozt h). (5.10)

All of these representations are for t < 1. Let 274 = s,
then take

H* = A, f exp (—iw®) dw + B, (5.11)

and

PY:1) _ wz

v=A2fo exp( 1 )dw—l—B2, (5.12)
where A,, A,, B,, B, are constants. If, to these
solutions the boundary and initial conditions are
applied, it is found that the time-dependent bound-
ary conditions cannot be exactly satisfied for con-
stant values of 4,, 4., and B,. In this case the choice
is made to allow 4,, 4,, and B, to take on the time-
dependent values which do satisfy the boundary
conditions. This, of course, means that the H* and
v of (5.11) and (5.12) are no longer exact solutions
of (5.8) and (5.8a), but they will be approximate
solutions for very small time.'* Bearing this in
mind, we have

13 Tn Secs. 3, 4 and in Ref. 4 exact solutions to the equations
corresponding to (5.8) and (5.8a) were chosen and the
boundary conditions were only approximately satisfied. It
can be shown that the two approximations are equivalent
for very small times.
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[, e (55) aw]”
B, =~ H,, A, = (H —H) L e () dw (5.13)
and
{8y} —
B, = Hyexp (aB7f), A.= (H, — H,) exp (aﬁ"t)[f exp ( 2 ) dw]. (5.13a)
Q

H* and v in this form are now substituted into (5.7) and the terms expanded in powers of t!. With-

out going into details, the results are as follows:
Using terms of order %,
(H, — H,) exp [~ (1)’

(H, — H)(L = exp [=Gey)'8) _ 2 (Ho — H) _

(5.14)

f exp (—w') dw
{y/2

This is a transcendental equation for {; which may
be solved numerically.

It is easy to show that for {; to be positive, the
condition

EYH, — H)/(H, — H,) < 1

must prevail. If this condition does hold, then there
will exist a unique solution for ¢;. Furthermore, for
a given value of H, — H,, the largest value of ¢
will oceur for H, = H,. It is possible to choose H,,
H, H,, and H, so that {; takes on any value between
zero and infinity.

The next set of terms, of order {°, yields a rela-
tion for §,

exp [~ G [ . D)
W, ~ H) =" pg {”Dl«n}

oxp [— (3£)’8] 0
+ H ~ H) =57 o) {“ + Dz(O)}

_ (H.— H) Di0)

CENTXOTE 619
where

DO =2 [ exp(—a)da

FIe)
Di(0) = —¢ exp [-3()7,

BH(Fy/2)
D,(0) = 2 fg exp (—a) da,
D}(0) = .8 exp [—18(:9)],

o= 36 (5.16)

Note that if H, = H,, then unless {; = 0, there
will be a relation for {; which is incompatible with
(5.14). Thus, for the case H, = H,, there will be

18t N
g f exp (—w°) dw
4

=~ (8}

no term of order ¢{. The process may now be con-
tinued to obtain higher-order terms.

Equations (5.14) and (5.15) may be solved nu-
merically for ¢, and ¢ when (H, — H,), (H, — H,),
(H, — H,), 8, and 8° are given. This has been carried
out and is described along with the other cases in
Sec. 6.

B. Large-Time Expansion

The computation set out above holds for small
values of time. In what follows an approximation
is obtained for large values of af. Again this dis-
cussion is very similar to the corresponding one in
Ref. 4 so that details will not be given. The process
will be to find a solution for large at for H%(z, )
which satisfies to certain orders of approximation
the boundary conditions and the differential equa-
tion. This solution is then inserted into (5.7) and
a boundary-value problem for H(z, ) is obtained.
Again H® is taken to be the function given in (5.5).

The large-time approximation is made with the
ides in mind that when the superconducting region
has spread somewhat into the half-space, the mag-
netic field value must still accommodate the bound-
ary values, H*(0, t) = H, and H*(¢ (), ) = H.. On
the other hand, in the middle of its region, the value
of H*(z, t) should be quite low. In fact, for very large
values of of, one may expect the magnetic field to
be zero except near the boundaries. A solution will
be sought, therefore, that has these properties. It
is convenient to set { = Bf*. Then (2.2a) becomes

H,, =aH 4 H.. G.17)
Now let
H(z, t*) = alz, t*) exp [a’o(z, t*)]
+ bz, t*) exp [aPylz, t¥)], (6.18)
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and expand @, b, and { in negative half powers of a:

alz, t*) = aolz, t*) + 9—‘—@—’;t—)

as(z, t*)
o 3

+ (5.19)

b(z,t)

b(z: t*) = bo(z, t*) +

+b_zm+...,
[24

5) = we) + 2 2B

These expressions are substituted into (5.17) and
into the boundary conditions that apply to H® in
(5.12) and (5.13). Like powers of a are equated with
the following results:

(5.20)

(5.21)

(5.22)
(5.23)

= —gz,
v =2z— ("),

and

H(z, t*) = H, exp (—a*)

+ H, exp {v(z, t*)[1 + (e, )]},  (5.29)
where
(e, ) = Jwo(t*) (wo(t*) — 2)

+ ol — (),
wlz, 1) = 3o wo — )by — 1u)

— fioe — wo)’] + 0™) + -

Dots refer to differentiation with respect to t*.
Inserting this into (5.7), we get

aH"

(5.25)

(5.26)

@, ) = —HEQ®)
+ 2 ) HH, — H) + 0@ ).

Observe that for H, = H,, there can be no forward
motion of the boundary, as has been mentioned
before.

The boundary value problem for H" [Egs. (5.8a)
and (5.27)] is now a Stefan problem, and the solu-
tion can be written down as

H'G, 1) = (H, — H.,)[ I " e (1) aza]"1

(6.27)

x [ ep(-i)dat Ho  629)

If ¢(t) = w,t}, then this implies that

1423

s (~ ). — H)| 2 [ e (—a) da]”

= —jwH, + @) H, — H).  (5.29)

We observe here that, in order for w, to be positive,
the condition

)H, — H)/H, ~

must again prevail. If this condition holds, then there
will exist a unique solution for Eq. (5.29), which,
however, never exceeds the quantity

(2/Hc7r§){(ﬁo)§(H0 - Hc) - (Ha - Ho)}'

Given §8°, (H, — H,), (H, — H,) (such that C < 1),
Eq. (5.29) may be solved numerically. This has
been carried out and is desecribed with other results
in Sec. 6.

H =C<1

6. NUMERICAL RESULTS

In this section numerical results for the three
cases discussed in the preceding sections are given.
Only first terms in the expansions have been pro-
duced.

For the “backward” switching—normal to super—
computations can be made directly from formula
(3.58). Here, as in the forward switching case, only
the linear input signal (3.54) has been considered.
For forward switching it was found that the use
of (4.19) in {(4.44) was too complicated. Approxi-
mations were employed in solving the integral equa~
tion (4.18), which seemed suitable for the degree of
aceuracy needed in the comparison to be carried
out here.

In particular, recalling (4.10) that g¢(z)
w(t) exp (af8™'t), then the integral equation (4.18)
may be rewritten as

w(t) — 2k( j)
exp [—a(t —

vo7r f (t — o)

where now, specifically, 8 = 1 and v} = v,. Ap-
proximate solutions for « large have the form

w(r) = 25(1 - 5—)[1 - (é?fi,'i) ] it 2>a, (62
w(r) = 28(7’ - 'l-)[l - (‘2-;];;2)5

alr—1/vo)t —1
X [2 f exp (—17) dn] ] i v,/1 ~ a.
13
(6.3)

o)] aw

2, (@ de,  (6.1)
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Using these, Y, and Y, may be approximated for
use in (4.44) and §, calculated.

Instead of giving both H, — H, and § for the
backward case or H, — H, and 8 for the forward
it was easier to choose values of I. For all cases =
was arbitrarily taken to be + = £I/v, (see Figs. 4
and 5). v, has a numerical value equal to 5 X 10°
em/sec for the cases in mind (¢ = 10" sec™,
To = 1lem, ¢ = 3 X 10" em/sec). In addition,
H, and H, were chosen so that

H,=3H,, H,=3H,. 6.4)

Then the calculations may be summarized in Table 1.

It is clear that in the backward case (normal to
super), as the rise time of the input signal, 1/,
increases, the initial speed of the transition decreases
according to the relation ¢; ~ &' On the other
hand, it ean be shown that as § decreases in the
forward case (super to mormal), {, approaches $ot
as o limiting value.

A very definite difference between the starting
speeds is thus brought out. Although this result
applies only to the transient state and then only
to its initial portion, it is probably also true that a
steady state signal will meet with this kind of non-
linear behavior. In faet, if the incoming signal from
the distance I were a sawtooth wave, the present
analysis implies that the downward stroke of the
wave would produce a slow-moving backward-phase
boundary, whereas the upward portion would pro-
duce a faster one. This would hold except for the
case where the slope is extremely steep, and here
the transitions would move at about the same speed.

In the case of backward switching when the
external region is a good but nonsuperconducting
conduetor, the pertinent variables are

Tarie 1. Summary of calculating of ¢1.2

Backward Forward
1 ] &1 $1
1 1010 /2 X 108 »3/2 X 108
100 108 w/2 X 104 2.1 X 104
1000 107 3x¥/2 X 108 1.4 X 10¢

s = 108 r = 31/2vp; vo = 5 X 10% &1 = cf1/ve = 603
cm/sec.

H. COHEN AND F. ODEH

p = (ﬂo)*(ﬂe - Hc)/(HO - Hu):
g = BVH, — H)/H, — H,).

Then, if one sets E(x) = 2/7* [Z exp (—a’)da, with
{3y = 2z, the equation for z becomes

pe” /(1 — E(@)] + ¢ — ¢")/E@) = 1.
Forq = O:

P T
1.0 0
0.9  0.27
0.50 0.75
0.25  2.07.

Forgq = 1:

v z
1.0 0
0.75  0.145
0.50 0.345
0.25  0.65.

The values of z or {; can be interpreted, of course,
as a set of parabolas in the z, ¢ plane, which will be
modified by higher-order terms, as they are in Ref. 5.
In the asymptotic caleulation for this case, the
parameters are p again, as defined above, and

Q = Ha'@)Y/H, — H.,).

For the special case @ = 2x! the following values
are obtained:

P z
0.75 0.057
0.50 0.121

10.25 0.196.

If one choses the particular values
B =1,H,—H,=1,H,—Hy=1,H, =2,

then ¢ = 1, @ = 2r*. For the same value of p, the
values of z in the asymptotic case are much lower
than in the initial portion. (Compare: ¢ = 1, p =
0.75, z = 0.145 with @ = 2%, p = 0.75, = 0.57.)
This indicates the slowing down of the transition,
which is to be expected as the superconducting region
grows larger.
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Functions which can be expressed as an antisymmetrized power of a single two-particle function
(a geminal) occur in the BCS ansatz. They constitute a comparatively tractable generalization of a
single Slater determinant. The second-order reduced density matrix and bounds on its eigenvalues are
obtained for the most general such antisymmetrized geminal power (AGP). These eigenvalues are
physically of great importance, being analogs, in an analysis of the wavefunction into pair states, of
the one-particle occupation numbers of the independent-particle model. A necessary and sufficient
condition is given that an alleged first-order reduced density matrix be derivable from an N-particle
AGP function. It is shown that only for exceptional functions (called exfreme) is the generating
geminal of the AGP function an eigenfunction of the 2-matrix. The extreme 2-matrix is diagonalized
explicitly and provides a vivid example of the fact that one-particle occupation numbers alone are
unable to convey certain information of decisive significance about the wavefunction. The extreme
2-matrix satisfies the assumption basic to current theories of superconductivity.

L INTRODUCTION

HE most formidable obstacle to the application

of quantum mechanics to systems of more than
two fermions is the difficulty of describing the wave-
funection. If the description is attempted numerically
then this difficulty increases exponentially with N,
the number of particles. This purely mathematical
difficulty is one of the chief justifications for the
widespread appeal to the independent particle model
and the Hartree-Fock approximation. As is well-
known, the overlap between a single Slater deter-
minant and the wavefunction of any system with
realistic interactions decreases exponentially with
N. Already in 1935, the inadequacy of the independ-
ent particle picture was apparent to Eddington
whose ‘‘added particle’’ discussed in Sec. 14.2 of his
book' and later called the “top particle” is a pre-
cursor of the current method of quasiparticles.

If g(12) is an antisymmetric two-particle function
of rank N (i.e., expressible by means of N one-
particle functions) then the antisymmetrized product
Axlg(12)g(34) -+ g(N — 1, N)] is an N-particle
function of rank N and, therefore, a single Slater
determinant. If the rank of the geminal (a two-
particle function, as an orbital is a one-particle func-
tion) exceeds N, then the above function is more
general than a single Slater determinant and ap-
propriate for the analysis of a wavefunction into
geminals when a particular geminal is more impor-
tant than any other. Blatt’ has argued, quite co-
gently, that the assumption that the ground state

1 A, 8. Eddington, Relativity Theory of Proton and Eleciron
(Cambridge University Press, London, 1935).

2 J, M. Blatt, Theory of Superconductivity (Academic
Press Inc., New York, 1964).

of a superconductor can be approximated by such
an antisymmetrized geminal power (AGP) is the
key hypothesis of the BCS-Bogoliubov—Quasi Chem-
ical Equilibrium theories, being even more important
than the approximate form assumed for the Hamil-
tonian.

Functions of AGP type also occurred in the paper,®
referred to as SFDM-I, where it was proved that
only for extreme AGP functions does the largest
eigenvalue, A}, of the 2-matrix (second-order reduced
density matrix) approach its least upper bound.
Penrose,* Penrose and Onsager,” and Yang® have
shown that “large” eigenvalues are associated, in
ways still not fully understood, with a variety of
condensation and long-range-order phenomena in
superfluids and superconductors. Particularly note-
worthy is Yang’s argument that the assumption of
off-diagonal-long-range-order (ODLRO) in the 2-
matrix explains flux quantization in superconducting
rings and that ODLRO is accompanied by a large
value of AL

In the present paper, we study the 1-matrix and
the 2-matrix of AGP functions of an even number
of particles, N. It should not be difficult to extend
our results to the case of N odd by the method of
Sec. 7 of SFDM-1. Theorem 2.1 gives the AGP
2-matrix explicitly, and Theorem 2.2 provides new
bounds on its eigenvalues. As announced in Sec. 7
of SFDM-I, Theorem 2.1 states that the natural
orbitals of the AGP function g are the same as
those of g. Theorem 3.2 gives a necessary and suf-

3 A. J. Coleman, Rev. Mod. Phys. 35, 668 (1963).

4 O. Penrose, Phil. Mag. 42, 1373 (1952).

$ Q. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956).
¢ C. N. Yang, Rev. Mod. Phys. 34, 694 (1962).
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ficient condition that an alleged 1-matrix corre-
sponds to an AGP function. In Sec. IV, extreme
functions are characterized among all AGP functions
by a rather surprising property which throws some
light on the reason that geminals are so much harder
to work with than orbitals.

We note also that Eq. (4.10) below, which seems
to be a key assumption of current microscopic the-
ories of superconductivity, is eractly valid for ex-
treme AGP functions,.

Theorem 4.2 achieves the diagonalization of the
2-matrix of an extreme AGP function and illustrates
the fact that, contrary to our experience with wave-
functions of Slater type, there is essential informa-
tion about a wavefunction which is not conveyed
by the orbital ocecupation numbers alone. Thus the
statement “To define an eigenstate of the whole
system, it is sufficient to indicate which plane waves
are occupied by means of a distribution function
n(k), '’ which occurs on p. 1 of Nozitres’ excellent
book’ is incorrect, in general. It is correct only for
a single Slater determinant but the wavefunction of
no known physical system is described correctly by
a single Slater determinant. This misconeception,
which is a carryover of the inadequate description of
atomic energy levels as single configurations, seems
rather widespread among the devotees of second
quantization and issues in unnecessary confusion
verging on mysticism.

A subsequent paper, SEDM-III, on the statistics
and energy of interacting fermions will enlarge on a
recent note® which announced a new form of Yang’s
criterion for the onset of super properties. In SFDM-
1V, we shall prove the theorem, announced in part
at the Sanibel Island Conference and, completely,
at the Institute for Advanced Studies in January
1964, giving necessary and sufficient conditions for
the N-representability of the 2-matrix,

In order to make this paper quasiindependent of
SFDM-I, we review and refine the most important
definitions. For an N-fermion system in a pure state
¥, the density operator, D", or N-operator is an
integral operator whose kernel is the N-matriz,
D¥(x; ') = ¥(z)¥*(z') where z stands for the space
and spin variables of all N particles; the 2-operator
is an integral operator, D* = D*(¥) whose kernel is
the Z-matriz (two-particle reduced density matrix),
D*(12; 1'2") = D*(mzs; zj2g) = [ (@2 -+ 2w)
Y*(xlxjes -+ xy)d(xs -+ y); the I-matriz, D'(1;
1) = [ D*(z.x,; «lz,) dxs; the p-matriz is defined

7 P. Noziéres, The Theory of Interacting Fermion Systems

(W. A. Benjamin, Inc., New York, 1964).
8 A. J. Coleman, Can. J. Phys. 42, 226 (1964).
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analogously; the natural p-states of ¥ are the eigen-
functions of D?, are denoted by o2 and have corre-
sponding eigenvalues A?; g is a geminal, that is a
two-particle function; ¢" is a normalized AGP func-
tion of N fermions obtained by antisymmetrizing
g(12)g(34) - -+ g(N — 1, N). A one-particle function
is called an orbital, so a} are natural orbitals or norbs.
The reader should distinguish carefully between
Ao, AL, and A2 which are, respectively, eigenvalues of
D'(g), D'(g"™), and D?*(g"). The number of nonzero
eigenvalues of D'(g), counting their multiplicities is
the rank, r, of g and of g". When r is finite it is even
and we set r = 2s. We shall assume that N is even
and define m by N = 2m. If r < N, ¢° = 0. The
functions g and ¢" are said to be extreme if A, are all
equal. The above definitions may be easily general-
ized to apply to ensembles.

II. THE AGP 2-MATRIX

It was proved by Blatt’ that the BCS ansatz is
equivalent to taking a wavefunction of the form

¥ = B™Y,, @2.1)
where m = 4N, ¥, is the vacuum and
B = E E;azi_lazi (2.2)

creates an arbitrary geminal (i.e., a two-particle
function). In configuration space, ¥ is simply (7.1)
of SFDM-I:

¥ = ¢g"(12 --- N)
= cvAn[g(12)g(34) - -- g(N — 1, N)], (2.3)

where g is an arbitrary normalized geminal, Ay is
the antisymmetrizer, and ¢y is a normalization con-
stant. ’

In the theory of exterior forms or Grassmann
algebras such an expression is simply a power under
exterior multiplication, whence our name antisym-
metrized geminal power (AGP). If «, are the orthonor-
mal orbitals of g with eigenvalues A;, then, for
g(12) = —g(21) the eigenvalues are evenly degen-
erate, so that

9(12) = E Ei[aZ:'—l(l)aZi(z) - a2i—1(2)a2€(1)]7 (2.9)

where |£]* = Ngioy = Aai.

To simplify our notation, we allow ¢ or r to rep-
resent pairs of natural numbers consisting of an
odd number and its successor. For ¢ = {2 — 1, 2},
let

[‘T] = (2)_*[a2;_1(1)a2;(2) - azi—x(z)az.'(l)] (2-5)

*J. M. Blatt, Progr. Theoret. Phys. (Kyoto) 23, 447
(1960). Also see K. Nakamura, ¢bid. 21, 273 (1959).
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and

£ =¢&; fgalz = Ay = Agyeg = Agqe (2.6)

Since g is normalized,
2ZN=22\=1
and Eq. (2.4) may be abbreviated to
g =v2 X &) 28)
If the rank of g, r = 2s, is finite, ¢ assumes s distinct
values. For N even, N = 2m, it is easily seen that
g7 = @)t D clows o on)oos o 0al, 2.9)

where ¢(a, -+ - o,) = H g for o € {ay, 03, *- - oul;
the summation is on distinet m-tuples of ¢ which we
assume are ordered (o; < g2 {2 € 0y, ] € o, With
1 < §); [ow0os -+ + o.] is 2 normalized Slater deter-
minant; and a,, is the usual notation for the sym-
metric function of \,, of weight m, defined by the
generating function

IT a4+ 2) = 2 ant™
For example, a; = 2 Ay, @2 = D e hhr
By Theorem 3.2 of SFDM-I, the 2-matrix of g%,
D?(g" |12; 1'2"), may be expanded in terms of o; and
therefore in terms of [k] and [k'V']*, where
v2 [kl] = ak(l)az@) - ak(z)al(l): 2.11)
V2 (k1] = au(10eu(2’) — eu(@eu(l’).  (2.12)

If the expression (2.9) for g” is substituted in the
definition for D?, by a straightforward ealculation
which employs the orthonormality of the a,, we
obtain the following result.

Theorem 2.1.
D¥(g" | 12; 1'2) = X b(kDk'V]*,  (2.13)

where the summation ison ¢ < 7, and ¥ < [ and
where b(ijkl) is zero except if

@) [ = [kl = [o]; bloo) = 2cNoan-1(¢), (2.14a)
B o # 7:bler) = 2ett*a.-,(¢7), (2.14b)
() o# 1, 1&€0, jE T:blj)

= 200\ 0n-2(¢%), (2.14¢)

with ¢ = [N(N — 1)a,]™". The caret on # indicates
that A, is omitted in the product (2.10) defining a.,,
that is

Gnr(¢) = 00/, and  an-5(6%) = 9°a./ON, I\,.

1t follows from Theorem 2.1 that for ¢ of finite
rank, r = 2s, with respect to the basis [ij], D* is a
partitioned matrix

2.7

(2.10)
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.D21 D22

in which D,, is the s X s matrix given by (2.14a) and
(2.14b), D,; = Dy, = 0, and D,, is the 25(s — 1) X
2s(s — 1) diagonal matrix whose non-zero terms
are given by (2.14c). The basis [ij] has s(2s — 1)
terms. '

It is instructive to check the coefficients (2.14a)
and (2.14¢) by evaluating Tr (D®). Note that each
coefficient (2.14¢) occurs four times. For example
if o = {1,2}, 7 = {3, 4} then b(1313) = b(1414) =
b(2323) = b(2424). Thus Tr (D?) is 2¢ times

> Nlmr (@) + 4 D AN ma(6F).

484

(2.15)

But
> Nlwer(6) = ma, and 2 D A\a,_o(¢4)

o<t

= E )\c Z )\fam—z(&%)

=(m = 1) 2 NOnr(d) = m(m — 1.

Thus (2.15) equals m(2m — 1)a,, and since N = 2m,
Tr D*(@") = 2m(@m — Da, = 1.

The largest eigenvalue of D? 22, is of particular
interest. By (7.8) of SFDM-I, we know that for even
N greater than 3,

N =171 = (N — 2)ba]

<N<WN-DT, (2.16a)

where
by = Tr [D'(g)D'(g" "] (2.16b)

The first inequality in (2.16a) provides a criterion
for the onset of ODLRO to which we shall return
in SFDM-IIL.

We use Theorem 2.1 to obtain a new bound on the
eigenvalues of an AGP 2-matrix, which has some
consequences to be discussed in Sec. V below and
in SFDM-IIL

Theorem 2.2. For an AGP system of N = 2m
fermions and rank r = 2s, suppose that the 2-matrix
is partitioned as above then, (i) the average of the
eigenvalues of Dy, is [s(N — 1], (i) 2IN(NV — D]™
is an upperbound for the eigenvalues of D, and their
average is (m — L)fs(s — 1)V — 1)]7}, (iii) the
sum of any m eigenvalues of Dy, or of D,, is bounded
by (N — 1)7%

Proof. By Theorem 2.1, the sum of the s eigen-
values of Dy, is 2¢ Y Np_1(¢) = 2ema, = (N ~
1)7*, Thus, since m < s, (i) and the first half of (iii)
follow immediately.
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By Theorem 2.1, a typical eigenvalue of D,, is
200\ 0 _»(67) < 2¢a,, = 2[N(N — 1)]7'. This latter
value is attained for Slater-type functions for which
r = N and is therefore the best possible bound.
Since N — 2 = 2(m — 1) and Tr (D.,) = Tr (D*) —
TrDy)=1-WN-1)7"=@qN—-2)(N - 1)7,
the average of the 2s(s —1) eigenvalues of D,, is
given by (ii). Using the fact that m < s, (iii) follows
easily from (i) and (ii). Q.E.D.

Theorem 2.2 constitutes, for AGP systems, a con-
siderable sharpening of SFDM-I (6.23) which states
that (N — 1)™* and N~' are upperbounds for the
individual eigenvalues of N-representable 2-matrices
for N even and odd, respectively. Indeed, suppose
one 2-eigenvalue approaches arbitrarily close to
(N — 1)7%, then Theorem 4.2 suggests that s must
be large and thus by Theorem 2.2 all other eigen-
values are small. A somewhat similar “coupling”
between the values of the pairon occupation numbers
was noticed in a different context by Blatt and
Matsubara.

III. THE AGP 1-MATRIX

In this section we obtain an explicit expression
for the 1-matrix (one-particle reduced density ma-
trix) of an arbitrary AGP system. We adopt the
notation of Sec. II.

From Theorem 2.1, setting 2 = 2’ and integrating,
we obtain
Dl(gN l 1; 1’) = Z C)‘a'am—l(&)Pw

[ 4

+ 26 DN 2 MUma(¢P)P,
T THT

¢ 2, (N — DA\, (6)P,

(Zvam)_1 Z )‘aam—-l(d‘)Pn

Il

where

P, = asi-i(Dadii (V) + ari(1)afi(17)
{2¢ — 1, 2¢}. Since Tr (P,) = 2,
Tr (D") = (Na.)™'2 Z Moy (6)

3.1

foro =

= (Na,) 2ma, = 1.

Theorem 8.1. For the arbitrary geminal g given
by (2.4), the l-matrix, D'(g" [1; 1’), of the AGP
function ¢" is given by

D' (g | 1;1) = 3, NP, (3.2)
where P, is defined by (3.1) and

A= (Nan) Np_i(6). 3.3)

A.J. COLEMAN

We recall that a., and a,(¢) are defined in Theo-
rem 2.1 and are such that

34

where 9, denotes the partial derivative with respect
to \,. Thus

am—l(&) = ava"l)

A= N"9,(n a,). (3.5)
The eigenvalues Al of D'(g") are related by (3.5) to
the corresponding eigenvalues A, of

D'(g) = 2 \P,

in such a manner that A, = A, implies A} = AL In
particular for g" of exfreme type all \,, and therefore,
all A}, are equal, and for the 1-matrices normalized
to unity it follows that

A=A =771

(3.6)

3.7
where r is the rank of g.

Theorem 3.2. Consider (\l) as a point in Euclidean
space of s dimensions, then as A, varies subject only
to D A, = &, A\, > 0, the point (\!) given by (3.5)
describes a hypersurface which we denote by Sy.
A necessary and sufficient condition that a 1-matrix
be representable by the AGP function g" is that its
eigenvalues be evenly degenerate and, denoting them
by A, that the point (\!) lie on Sy.

Proof. That the condition is necessary follows
from Theorem 3.1. It is also sufficient. For we may
denote two orthonormal eigenfunctions of D'(¥)
corresponding to Al by as:-; and a,;, then defining
g by (2.4) with A;;, = A = A, it follows that
D'(g") = D'(¥). Q.E.D.

For D'(¥) satisfying Theorem 3.2, if Al are dis-
tinct, then g will be uniquely determined apart from
the phases of ¢;. Thus Theorem 3.2 provides a good
illustration of the remark in Sec. 5 of SFDM-I that
the N-representability of a 1-matrix can be char-
acterized by conditions on its eigenvalues alone.

IV. EXTREME AGP FUNCTIONS

In SFDM-I, we called an AGP function ¢ ez-
treme if the eigenvalues of the 1-matrix of g were
equal. As noted in Sec. III, the eigenvalues of D'(g")
are then also equal, so that in the independent par-
ticle picture g" corresponds to a system of N particles
equally distributed over 2s orbitals (2s > N). For
2s = N such systems are simply of Slater type, but
for 2s > N the same l-matrix arises from many
different g and thus, as follows from Theorem 4.2,
corresponds to systems which are markedly different
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from one another even though in the independent
particle picture they would be regarded as identical.

Extreme g" are interesting because it was proved
in SFDM-I (i) that D?*(g") is an extreme point of
the convex set of N-representable 2-matrices if g
and therefore g are of extreme type,'® and (ii) fol-
lowing Yang® and Sasaki,’* that the least upper
bound on the eigenvalues of N-representable 2-ma-
trices is approached arbitrarily closely only by the
largest eigenvalue of extreme AGP functions.

On the other hand, Theorem 4.3 of SFDM-I as-
serts that A} < (a?a! |Ax(alal)), where A? is the
largest eigenvalue of D*(¥), of and «f are the corre-
sponding eigenfunctions of D”(¥) and D°(¥) and
Ay is the antisymmetrizer; equalily obtains if and
only if ¥ is proportional to Ax(cafaf). It is therefore
natural to ask for conditions under which an arbi-
trary geminal g is a natural geminal of g". In other
words, when is g an eigenfunction of D*(g")?

Theorem 4.1. The geminal g is an eigenfunction
of D*(g") with nonvanishing eigenvalue if and only
if g is of extreme type, that is if the eigenvalues of
D'(g) are all equal.

Proof. Suppose that ¢ is an eigenfunction of
D? = D*(g") with eigenvalue v, v ¢ 0, then
D*g = g. (4.1)

With g given by (2.8) we find, using (2.14) that

Dig = 2v2¢ 3 [\ami(6)

+ 2 Man(6D)IE0].

T#G

4.2)

Substituting in (4.1), equating coefficients of [o]
and noting that £, # 0, we obtain the s equations

2e\lms(8) + 2 MOy (@9] =v.  (4.3)

THO

Arguing as in the lines following Eq. (2.15) and
noting that A\,a,+.(8) + a.(é6) = @, we see that
(4.3) takes the form

2c[a., + (m — Da,(d)] = v.

From (4.4) we easily conclude that for o # 7,

4.4)

an(9) = aa(?),
but this is precisely
Nln-1(87) + an(é) = Nan—1(¢7) + a.(¢9),

10 The converse statement, that all extreme points of the
N-representable 2-matrix space arise from extreme g¢¥, the
truth of which was conjectured in SFDM-I, is false as will
be proved in SFDM-III. .

11 B, Sasaki, Tech. Note 79, Quantum Chemistry Group,
Uppsala, 1962.
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and therefore,

Q.E.D.

When the condition of the theorem holds, using
(4.3), and (4.8a, b) below, we obtain a result due
originally to Yang.®

Corollary 4.1a. When the A, are all equal the
eigenvalue in Theorem 4.1 is given by

y=WO-1DT01 - @& -2/ (4.5)

We may also use the above calculation to obtain a
modified form of the important inequality (7.8) of
SFDM-I. For g normalized, but otherwise arbitrary,
the maximum eigenvalue A? of D?(g") is bounded
below by (g/D?g) and thus, by (2.8) and (4.2)

A > de 30 AN (8) + 2D Mani(69)]

T#e

or
A > 4e D0 \fan + (m — Da.(é)].

Since Z X = 3 and a,.(8) = an — Aa,_,(d), the
last expression equals

2mea, — 4(m — 1)c > (A\)’0p-1(8).
According to (3.3),
Z (Xd)zam—l(&) = Nam Z xv)\:'

and
2 23N\ = Tr [DY(9)D'(gM)] = byss,

by (2.16b). Noting that N(N — l)a.c = 1, we
finally have

N =D -V — Dbyss] SN, (4.6)

For g of extreme type the expression on the left of
this inequality attains the mazimum (N — 1)7*[1 —
(N — 2)] of (4.5). We may thus conclude that,
for arbitrary g, by.. > r~%, and since the right side

of this inequality is independent of N, we also have
bIV 2 T_l. (4.7)

The inequality (4.7) may be proved by elementary
arguments using only the fact that 2 >, A, = 1.

An interesting unsolved question is the extent
to which g is determined by ¢" or D*(g"). If N = r,
g is almost totally undetermined, for in this case
there is only one term in the sum (2.9) and any two
geminals expressible by means of the same N orbitals
lead to the same g". On the other hand, if g is ex-
treme and r > N, then g is determined to within a
phase factor as the eigenfunction of D*(g") corre-
sponding to the largest eigenvalue.
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The form we gave for D*(g") in Theorem 2.1 was
partially diagonalized in the sense that D,, =
D,, = 0. However, in the case of extreme g we can
go farther and find all the eigenvalues of D® ex-
plicitly. In this case g is necessarily of finite rank
r = 2sand A\, = v~ = A say. We find that

Om = (W\", (4.8a)
Gms(6) = 2N, (4.8b)
Am-2(67) = (22N, (4.8¢c)

so that the diagonal terms of D,, equal 2m[sN(N —
1] = 2[+(N — 1)]7%; the off-diagonal terms of D,,
equal 2m(s — m)[s(s — NN — 1] = 2(r —
N)[r(r — 2)(N — 1)]* and the diagonal terms of
Dy, equal 2m(m — )s(s — NN — 1) =
2N — 2)[r(r — 2)(N — 1)]7'. The eigenvalues of
D? consist of the nonzero terms (2.14¢) of D,, to-
gether with the eigenvalues of D,;. For s = 3, D;,
has the form

a b b

¢:%)

and characteristic equation

a—z b b a=z b 1
b a— b b a—z 1
O0=]: "V eel=@+20—2)|; 1

= (@4 2b — 2)(@a — b — z)°.

The preceding calculation is typical of the general
case for which D,, has (i) one simple eigenvalue
equal to 2[r(N — )] + (s — 1)2(¢r — N)[r(r —
DN —D7'=W -1 — (N — 2)] and
(ii) an eigenvalue of multiplicity s — 1 equal to
2r (N — DI7'=2(r — N)ir(r — 2)(N — )] =
2(N — 2)[r(r — 2)(N — D]

Theorem 4.2. Suppose g" is of extreme type with
r = 2s, then D*(g") has

(i) 2-rank equal to r(r — 1),
(ii) ome simple largest eigenvalue equal to

N = DT - N = 2/, (4.9a)

and (iii) one other eigenvalue, of multiplicity
(2s + 1)(s — 1), equal to

2/r(r — 2)J(N — 2)/(N — 1). (4.9b)

For r >> N, it follows that the 2-matrix of a wave-
function of extreme type has one eigenvalue of
order N°'; all others are equal and of order »2.

It is noteworthy that for g of Slater type, for
which r = N, the eigenvalues of D? are all equal to
2[N(N — 1)]™* which, for fixed N, is the minimum
of (4.9a) and the maximum of (4.9b).

A.J. COLEMAN

For r > 2N, the largest eigenvalue (4.9a) is
greater than 3(N — 1) and all others are less than
IN-?

2 .

Combining the last two theorems, we easily iden-
tify the natural geminals for D*(¢") when g is ex-
treme.

Corollary 4.2a. TFor extreme g, the ir(r — 1)
eigenfunctions of D*(g") span the same linear space
as do the [¢7] of Theorem 2.1; g is a natural geminal
corresponding to the largest eigenvalue A} and the
other natural geminals, corresponding to the one
other eigenvalue, may be taken as any 3(r —
1)(r — 2) linearly independent geminals orthogonal
to g¢.

Apart from the trivial case of a single Slater deter-
minant, the Corollary 4.2a provides us with the
first completely explicit analysis of a 2-matrix.

It may be easily verified that for extreme g, the
following equation is exactly valid,

D*(g" | 12;172") = afu(1; 1)u(2; 2)
— u(1; 20u(2; 1)] + bg(12)g(172"). 4.10)

Here, u = D'(g"), r — 2)(N — 1)a = r(N — 2), and
r — 2)(N — 1)b = r — N. We have remarked
previously'? that the above equality is equivalent to
what Blatt regards as the basic assumption common
to the Bardeen—-Cooper—Schrieffer, the Bogoliubov,
and the Quasi Chemical Equilibrium theories of
superconductivity. It seems incredible that the elec-
tron system of any real solid is described accurately
by so simple a wavefunction as an extreme g". How-
ever, it s for extreme g” that coherent pairing in one
geminal is most intense. Apparently, such pairing
is the key to an understanding of superconductivity,
so that the success of the above theories suggests
that an extreme g" provides a good model for the
crucial properties of the electron system of, at least,
some metals near 0° K.

V. DISCUSSION

We have dealt only with properties of the reduced
density matrices which follow from the AGP form
of the wavefunction avoiding any discussion of the
energy of the system a topic to which SFDM-IIT
will be largely devoted. Even so, the above theorems
have immediate physical consequences and stimulate
interesting speculation about condensation phe-
nomena,

Part (iii) of Theorem 2.2 suggests that the anti-
symmetry of the total wavefunction forces a ““cou-

12A. J. Coleman, Phys. Rev. Letters 13, 406 (1964).
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pling” of the pairon occupation numbers such that if
the occupation of one geminal approaches (N — 1)™*
all the others approach zero. Blatt and Matsubara'®
found a similar phenomenon in a statistical context
in which energy considerations were involved. For
over a year, the author conjectured'* that Theorem
2.2 (iii) was valid for m eigenvalues of any N-rep-
resentable 2-matrix. He has shown that it is true
for N = 4 and, in general, for A? associated with
strongly orthogonal geminals. However, a counter-
example for N = 6 has disposed of the conjecture
for arbitrary systems. Proofs will be given in SFDM-
II1. For fixed rank r, it is a well-defined, important
but, to the author’s knowledge, unsolved problem to
evaluate the maximum of A? 4+ AZ. Is it less than or
equal to (N — 1)7" or, as the author expects, is its
difference from (N — 1)™* of order N™*? In view of
Yang’s discussion® of ODLRO, it would appear that
answers to the above questions will aid us greatly
in speculations about condensation phenomena as
we attempt to go beyond the BCS approximation.

As was briefly noted in Sec. 4, Theorem 4.1 im-
plies that one-particle occupation numbers n; are
quite inadequate to describe the wavefunction of a
system of particles in effective interaction. In the
extreme case, since D'(g) is completely degenerate,
the geminal ¢ of Theorem 4.1 can be chosen in an
infinity of ways leading to distinct D?(g") but to
identical D'(g"). For a realistic Hamiltonian, these
different g” will have different energies. In the usual
treatment of BCS theory, the specifications needed,
additional to n;, are contained in the explicit defini-
tion of g. Thus in Valatin’s discussion'® of the BCS
approach as an extension of Hartree-Fock, a matrix
X is introduced which specifies both the 1-matrix
and Valatin’s x which replaces our g. Only in the
case of a single Slater determinant for which the
n; are 0 or 1 do they give a complete description of
a wavefunction. For any real system n; are never
1. This had already been noticed in 1955 by P. O.
Loéwdin who, in private conversation with the author,
remarked that he had been much struck by the fact
that, in connection with his basic paper'® on density
matrices, when he actually calculated the occupation
numbers for the natural spin orbitals of an atomic

13 J, M. Blatt and T. Matsubara, Progr. Theoret. Phys.
(Kyoto) 23, 451 (1960). .

14 A, J. Coleman, Tech. Note 103, Quantum Chemistry
Group, Uppsala, 1963.

15 J, Valatin, Phys. Rev. 121, 1012 (1961).

16 P, O. Lowdin, Phys. Rev. 97, 1474 (1955).
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system none of them were really close to unity.
Even though it is known that the ground state of an
interacting macroscopic system of fermions has al-
most zero overlap with a single Slater determinant,
much of the discussion of the independent particle
model and of quasiparticles is pursued in a context
which assumes that the », specify the relevant char-
acteristics of the system. This seems highly question-
able and suggests that despite their considerable
successes these theories have not yet been given a
solid logical foundation.

It is interesting to note from Theorem 4.1 that,
except for the physically unlikely extreme case, the
geminal g which generates the AGP function ¢" is
not a natural geminal of the system. Hence, there is
a geminal other than g which is occupied more
intensely than ¢. This observation underlies the
author’s recent criticism'? -of Blatt’s interpretation
of Schafroth condensation.

The type of mathematics used in this paper and,
more generally, appropriate for discussing antisym-
metric systems was quite common knowledge among
mathematicians in 1900 but subsequently went out
of fashion. It was developed in connection with
Grassmann algebra, Pfaffian forms, and the Cartan
calculus. There is currently a resurgence of interest
among mathematicians in the elementary parts of
these theories but, to the author’s knowledge, there
is available no clear exposition of the known material
slanted towards the needs of quantum physicists.
Possibly the most useful references'’ are to Weber,
Slebodzifiski, Thomas, and Bourbaki.
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In two previous papers, the reduced density matrices of quantum gases, in the grand canounical
formalism and for suitably restricted interaction potentials, have been shown to be analytic vector-
valued functions of the activity in a neighborhood of the origin, to tend in some sense to well-defined
limits as the volume of the system becomes infinite, and to satisfy a cluster decomposition property.
The same results are extended here by the same methods to a wider class of potentials, including hard-
core, and allowing attractive interactions, which were excluded previously.

INTRODUCTION

N two previous papers''* (hereafter referred to

as I and II), we have used a Wiener integral
representation to study the reduced density matrices
(RDM) of quantum gases, in the grand canonical
formalism, both for Maxwell-Boltzmann (MB) and
quantum statisties (QS). For particles interacting
by a two-body potential satisfying suitable condi-
tions (I, Sec. 1):

(a) The RDM are vector-valued analytic func-
tions of the activity z in a neighborhood of the
origin (z = 0) (I, Sec. 3 and 6).

(b) The thermodynamical limit exists. More pre-
cisely, the RDM for finite volume ¥V tend in some
sense to well defined limits ag the volume becomes
infinite (I, Secs. 4 and 7).

(c¢) As a consequence of these properties, the
virial expansion converges in a neighborhood of the
origin,

(d) The RDM satisfy a cluster decomposition
property (CP) in the form of an absolute integrabil-
ity property of the quantum analogues of the Ursell
functions (I1).

The potential was supposed to be absolutely in-
tegrable, which excluded hard cores, and in the case
of @S only, purely repulsive.

The present paper extends the above-mentioned
results to hard-core potentials. As a consequence,
it will be possible to introduce attractive potentials
in the QS case. The class of potentials considered
is defined more precisely in Sec. 1. We follow I and
II closely and treat successively the MB (Secs. 2
and 3) and the QS case (Secs. 4 and 5). In Sec. 2,
we show that the Kirkwood-Salzburg (KS) equa-
tions can be considered as a linear equation in a
Banach space and use this property to prove the
analyticity in 2z near the origin and the existence

1 J, Ginibre, J. Math. Phys. 6, 238 (1965).
2 J, Ginibre, J. Math. Phys. 6, 252 (1965).

of the infinite volume limit. In Sec. 3, we obtain
bounds on the RDM directly and prove the CP.
Sections 4 and 5 deal with the QS case and treat
the same points in the same order. The notations
I.p.9), (L.p.g), and (p.g) refer to Eq. g of Sec. p
of I, II, and the present paper, respectively.

1. CONDITIONS ON THE POTENTIAL
(CF. 1, SEC. 1)

We consider a system of identical particles in »-
dimensional Euclidian space R’, interacting through
a two-body potential ¢ with the following properties.

(a) ¢ is a real function which depends only on
the difference (z — y) of the positions z and y of
the two interacting particles considered and is a
symmetric function of these two variables or an
even function of z — y : ¢(z — y) = ¢y — ).

(b) ¢(x) = + = if |z| < q, i.e., ¢ has a spherically
symmetric hard core of radius a. ¢(z) is continuous
for |z| > a except possibly on a closed set F of
capacity 0 (I, Appendix 1). F is harmless, as in I;
it has no physical interest here.

(e) ¢ is absolutely integrable outside the hard
core,

| @l < +e. (L.1)
The restrictions on the growth of |¢| near the core
which follow from (¢) will be seen later on to be
unessential,
(d) In the MB case, there exists a real constant
B > 0 such that, for any system of different points
L ER @ =1, -+,n),
Z¢(x¢ — z;) > —nB.
i<q
This implies in particular that ¢ is bounded from
below by —2B. One can obtain better bounds on
¢ if ¢ is spherically symmetric.® If ¢ never takes

3D. Ruelle, Lecture notes of the Theoretical Physics
Institute, University of Colorado, Sumnmer 1963.

(1.2)

1432



REDUCED DENSITY MATRICES OF QUANTUM GASES.

the value — o, which can be imposed from the
beginning, then (1.2) is automatically satisfied if for
at least one pair (¢, j), [z;: — z;] < a.

(e) In the QS case only {cf. Ref. 4), there exists
a real constant B > 0 such that for any finite
sequence z, € R", ¢ = 0, 1, --- , n, such that
lz; — 2;] = aforall (z, §)

gé(xo —z) > —B.

A sufficient condition for (e) to hold is that for
|z} = a, $(z) be bounded from below by a negative
nondecreasing function of {z| which is an integrable
function of z. If (c¢) is satisfied, this happens in
particular if there exists 7, > a such that ¢(x) is
a monotonous function of |z| for |z| > 7, and is
bounded from below for |z| < r,. Condition (e)
implies the following property:

Let X* (@ = 1, -+- , m) be m families of j, points.
X® = (%, -+, xf,), such that for all (¢, ) % (8, 7),
|z% — 25| > a. Then

2 2

a=]l 1Si<itia

I 1
+22 X Y =i — 2 > —2¢B, (14)

a<f iSia i5iB

o — z7)

where

In particular, if all the j. are equal to one, (1.4)
reduces to {(1.2). Therefore, (e) = (d). Condition (1.4)
which we need in that form later on, could be
imposed independently of (e) with a different con-
stant B’ < B in the right-hand side. The correspond-
ing changes in what follows would be obvious, and
the improvement in the results negligible.

2. LIMIT OF INFINITE VOLUME IN
THE MAXWELL-BOLTZMANN CASE

The notations are the same as in I. The Wiener
integral representation of exp (—BH.,) and its con-
tinuity with respect to its arguments remain true
for potentials satisfying (a) (b) (¢) (d) (See Ap-
pendix 1). The RDM are defined by (1.2.7, 8, 9)
and satisfy the KS equations (I.3.6, 7), which after
symmetrization can be cast into the form of a linear
equation (I.3.11, 12, 18) in the vector space E of
sequences of Wiener integrable essentially bounded
funetionals of m trajectories (m = 0, 1, ---). Now
however, the operator K is no longer a bounded

4 0, Penrose, J. Math. Phys. 4, 1312 (1963).
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operator from E; (defined by 1.2.10) to itself (see
below). We circumvent this difficulty by defining
new Banach spaces (; in which K is defined and
bounded.

Let G be the complex vector space of sequences of
functionals of m trajectories o= (¢(0™), m=0, 1, ---)
such that for all m, ¢{w™) is integrable in the sense
of [ Pom y={du™) [and [ P,w .~{dw™)] for almost every
=™, ¥™) (and z™), and the integral is a Lebesgue-
measurable function of (z™, ™) (and z™).

Let A{(w) be a real positive, translation invariant,
Wiener-integrable functional of one trajectory,
bounded from below by A, > 0, and define

Al™) = ]f_I1 Alw,). 2.1)

Let G» C @ be the subspace of those ¢ & @

for which

[lell = sup ess. sup. [p(™)|/AW™) < +o. (22)
G, is a Banach space with ||¢|| as the norm of o.
G, contains E; for any ¢ < A,, and the injection

E, — G, is continuous. Now let ¢ & (4. From
{1.3.13) we get:

Kew)] < el el 2 5
X [ P ) dy* 1Ko, &) A", )
< ol 7 Jlel] AG@™)

X exp{ [ P.ti) dy 1Ko, ) 8@,

where ™" is obtained from " by removing w.
Suppose that for some £ > 0

2.3)

£ exp { f P,,(dw) dy |K(w, &)] A(é)} < Aw). (@4
Then

Ko@) < (l2] €7/8) llel] A@™).  2.5)

Therefore, K is a bounded operator from G, to G,
(one verifies that K preserves the relevant meas-
urability properties), and its norm satisfies

K[| = k < [2] €*/¢. 2.6

We are thus led to the problem of solving (2.4) for
A and ¢, with £ as large as possible. We first majorize
the left-hand side of (2.4). Let & be the trajectory
obtained from & by the translation —y. We note
@ = & + y. For any two trajectories w,;, w;, we
define w; — ws by (w; — wo){t) = w,{t) — wo(2).
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For any (continuous )w, let V{(w) be the union of
the family of spheres of radius a with centers at
the points o{f) (0 < ¢ < B) and v(w) the volume
of V(w). From translation invariance of A, we get

[ dy Putid) 1K, )] 4@

= [ Putiana@) [ ay K, & + )l @)

Now

[ v |KG, & + o)
= fdy exp [wfoﬂcb(w(t) - &) — ) dt] - 1’.
2.8)

The hard core contributes to this integral if y €
V(w — &) and its contribution is v(w — &’). One
easily obtains (I.A2) a bound for the contribution
of the region y & V{w — &’). Finally,

[y (K@, & + )l <o~ @) + 4, @9)

where

A =g | o) da.

lzizae

(2.10)

Instead of A one could also use the better bound

288 __
B ¢.(z) dz + @*—23—9‘

izlza

¢-(2) dz,

lzl2a

2.11)
where

¢.(z) = max [£¢(z), 0]. @.12)
A sufficient condition for (2.4) to hold is, therefore,

£ exp { f Pooldd)lv(o — &) + A]A(&:)} < AW). (2.13)

Let Alw) = £ exp [p(w)]. (2.13) becomes

o) 2 ¢ [ Po@@)lo — @) + Al exp [o@). @.14)

(2.14) implies in particular that ¢{w) > 0, and there-
fore, A; = £. The right-hand side of (2.14) is not
bounded as a function of w, therefore (2.14) has
no solutions of the type ¢ = const. This corre-
sponds to the above-mentioned unboundedness of
K operating in E,. We show in Appendix 2 that
there exists £, > 0 such that (2.14) has a minimum
real positive solution ¢, for any £ such that 0 <
¢ < % and no finite real positive solution for

JEAN GINIBRE

£ > . ¢: can be obtained by iteration from 0,
and is the value for ¢ € [0, &[ of a function of
(¢, @) analytic in £ for ig < &. For any & € [0, &,
let G; be the G4 corresponding to A(w) =% exp [¢e(w)].
A(w) is an integrable function of w, and

By — 2) = [ Poase  @19)
is a (real positive) bounded integrable function of
(y — r) (Appendix 2). We write ess. sup f5(x) = ||fs||»
and [ fs(z) dz = ||f||,. It then follows from (2.6)
and (2.13), that for any 2z such that

l2] < R = & exp (—28B), (2.16)

Eq. (1.3.11) has a unique solution in @;, which is
analytic in z for |z| < R. Moreover, from ||{]] <
l2l/A0 < [2]/%, we get

Heall > @ = &) [2]/¢. (2.17)
It follows as in I that p, as defined by (1.2.9) and
(1.3.11) coincide for 2| < R. From (2.2), (2.17),
and (1.2.8), we get
Ipata, 37 < @ = b7 B [ P @uma.

. (2.18)
Therefore, p5(z”, ¥™) is a bounded operator in L*(A™),
with

HeaG™ y™l: < U — B7([2l/8) Ifll7.  2.19)

We now consider the limit V — <« and show that
the results of I, Sec. 4 remain true in the present
case. The notations are the same as in I, Sec. 4
except for the replacement of R, 8, &' by L, I, U,
respectively. We consider first

ALK Az — ALK ALLl|:
Let ¢ € G;. Then
[((ALKAp — ALKAL,)e(w™)]
< lel € Jlol| Al™ Daslw),

g L[y P i) Ko, ) 2.20)
X {Olm-z*(&’n) - aL“(ié")]A((B”)
< ¢ o lell AW™Cy,L(8), (2.21)

where

C...8) = L sup ar(w)

X [ dy Puldd) Ko, 3)] 4@ — aze@]. (2.22)
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We take | > 2a¢ and split the domain of the &
integration into two parts:

(1) The & which stay entirely outside Az.:/.. The
hard core plays no role and their contribution is
bounded by (see I, Appendix 2)

E—lﬁezﬂB f

lzl>1/2

(2) The & which have points inside A,/ belong
to K'(41, 8) (1.A1-A5). The same method that led
to (2.8) gives for their contribution the bound

| dz f Poo(da)AG).  (2.23)

£ sup (o) fx 1y Puld@llo = &) + 418G).
' (2.24)

The integration of the term containing v(e — &)
can even be restricted to K’(I — q, 8). (2.23) does
not depend on L and — 0 as | — «. {2.24) depends
on L through e (w) X v(w — @) and is an increasing
function of L. We show in Appendix 2 that it — 0
a8l — o for L = L, + pl, where L, and p are
real positive constants. From this and (2.21) it
follows that

”ALKAL-H' - ALKAL+1” < "ﬁ(l; L)a (2-25)

where %(l, L) is an increasing function of L for
fixed I, and such that 4(, L + pl) > 0asl — o
for fixed L > 0, p > 0.

Lemma 1 (I, Seec. 4) and the end of its proof are
then valid with the only change that the limit is
now in the sense of the (; topology. In contrast
to the preceding case (I) and due to the effective L
dependence of the bound (2.25), the limit as | — «
is no longer uniform in L.

Lemma 2 (I, Sec. 4) holds without change, the
proof being modified as follows: The contribution of
the trajectories of the classes o and 8 are bounded
respectively by

@, D[ Pee @26} < 0, D Il @20
and
2 lloll m [ Puncs e ™A™

X [ P()a @.27)
K (r. 8

<2llllmlipls™ [ Paldols). (229

We show in Appendix 2 that the last integral in
(2.28) — 0 as r — o uniformly with respect to
(=, ). Lemma 2 follows immediately.
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Theorem 1 holds with the following change in the
proof. The contribution to (1.4.17) of the region
2™ & A7 is bounded by

{10V llel®  sup

W MEAM Y,

X 2™ Pym yn(de™)A™)

zMEA Y
X Pon,yrm(do™)A™)
L2 el V™2 lell1® [fall2 m {Ifsl 7™

(2.29)

X sup dz P,,(dw)A(w). (2.30)
VEAL~r Y2EAL
Now
sup -+ < f; 1@ da. 2.31)

fs is integrable; therefore, the last quantity — 0 as
r — o, The theorem follows immediately.

Theorem 2 holds with the following change in the
proof of the convergence of (z/V.)(d/dz) log, =
In Z, to po: the bound (1.4.23) is replaced by

1 d
szd—zln Zpyy — Po’

— L’
L+v

The theorem and the convergence of the virial ex-
pansion follow as in I,

< ol D) + 72 Il | 1 ] ea

3. BOUNDS ON THE RDM AND CP IN THE
MB CASE

We follow II (Sec. 2). The unexplained notations
are those of IT (Sec. 1). First, for § < &,:

f [6x(@")] Pin,in(de”) dy” < RoaAX),  (3.1)

where
{R,,.,. =RV for m > 1.
Ri. = nl e ¥R,

The proof is the same as in IT and in Ref. 5.
From (3.1), (3.2), (11.2.7), (11.2.9), we obtain the
bound

1o < (el/D)(el/BR)"' 1 — [ol/BR)AX), (3.3)

which is better than (2.17) by a factor (jz[/R)™.
If the potential satisfies the stronger condition (e)

(3.2)

8 D. Ruelle, Rev. Mod. Phys. 36, 580 (1964).
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instead of (d), we can obtain different bounds on p
from the Mayer—Montroll equations (I1.1.30). From

[ i) dy KX, )] A)

<f Poo(dw)A(w)[zm:v 0 — w) + mA], 3.4)

fm]

we get ag in 1T

[ 1] Py e dy* < Ry ex0 [— U(XIAK)
(3.5)
and
16CO)] < (el/DCE/RY™ 1 = [al/R)™
X op [~ U0A®),  (36)

where R, is defined by (3.2). The inequalities (3.4)
and therefore (3.5) and (3.6) remain true if A is
replaced by the better bound (2.11) [cf. Ref. 4,
especially Eq. (7.11)]. For physical, i.e., real positive
z and for potentials satisfying (e), we can obtain
better bounds directly Ref. 6. From

exp [~ Unsalo™™)] < exp [— Un(w™)]

X exp [mBB] exp [-U.)]  (3.7)
and from the definitions, we get
pw™) < [z exp (BB)]” exp [-Un(w™)].  (3.8)

We come back to potentials satisfying only (a) (b)
(¢) (d). The p defined by (II.2.7,9) and the in-
finite-volume limit of p, (Sec. 2) are identical; the
proof is the same as in II.

We now prove the CP. Let

h(z) = sup { f P (da)v(w — &) + A]A@®)

X [ [ Putidtoe — @) + A]A(&):I_l}. 3.9)

Obviously k(0) = 1. We prove in Appendix 2 that
h is a bounded integrable function of z and that

h(x) 2> falx)/f5(0). (3.10)
Then

f 15x(@™)] Py yrsan(des”) dy* < BB,  (3.11)

The proof is the same as that of (3.1). From (3.11)
and (11.2.22, 27) we get

s J. Groeneveld, Phys. Letters 3, 50 (1962).
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f l(p(wm)l sz—x,(z+a)m—1(dwm-‘1) dxm—l

< ;%}R,.mﬂ-lzx(w)h(a"") (3.12)

S (m _ 1)!£—le—zﬁBR—(m—1)

X (1 — ||/R) "™ HAw).  (3.13)

We integrate over the last trajectory and use (3.10)
to obtain a slightly weaker but more symmetrical
result. Finally,

f @™, 2™ + a™)| dz™*

< (m — D" f0)[e|/(B — [2)]"h(a").

As in II, % is an integrable function of the distances
between the pairs of points (z;, ;). The decrease
as a function of the distances |a;] = |y; — z;| is
slower and less explicitly known than in the previous
case. The completely integrated form of the CP
still holds,

(3.14)

f Ix@&™, y™)| dz™ dy™

< (m — D™ HO)l/® — D" A7, (3.15)

4. LIMIT OF INFINITE VOLUME IN
THE QUANTUM STATISTICS CASE

We follow I, Secs. 5, 6. The potential now satisfies
conditions (a), (b), (¢), (). The notations are those
of II, Sec. 3. The RDM are defined by

pae™, 47)
= (T e [ PRoom@n®), @D
palw”) = %—e g 2 ag f de’ ay(w™?)

X exp [-UW™],  @2)

w©

Z.= 37 3 [ ) ep UG @3)

r=0 8(r)

The bounds given in I, Sec. 5 hold without change.
The Kirkwood-Salzburg equations are now (1.6.8),
(I1.3.38 et seq.):

pa(@") = ar(w")e" exp [—F,(w")]
X {g a% f dw K(w, jl;wa)PA(wy’H)}

for m>1, (44)
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palwi, ju) = C“A(‘"l)'?f'ix exp [—F (s, 51)]

X {1 + i Z f dw’ Ky, i, wa)pA(wa)}

=1 im
4.5)

We now symmetrize these equations as was done
previously in the MB ecase (I, Sec. 3). This was
unnecessary for purely repulsive potentials. (1.4)
implies

for m = 1.

S F") > —208B,

i=1

4.6)

where F; is defined in analogy with F, (1I1.3.39).
Let W7 be the set of the (continuous) »” such that
Fi{w") > —2§,8B, 5, the characteristic function of
W7 and 6; = n:/2.™, .. It follows from (4.6) that

™. 0; = 1. We define II, and II in analogy with
(1.3.10). Applying IT to both sides of (4.4) gives
(1.6.10) with A, and ¢ defined by (1.6.11, 12) and
where K is now defined by:

Ko@) = iz"‘ﬂf{ﬂl(w’) exp [—F(w")]

i=]

X[ £ % [ a0 K js e |}

r=0 3(r}

for m>1. 4.7

Ko(en, §1) = 2" exp [—Fi(wi, 71)]

X X T [ 16’ K iiialete'). 49)
K is not a bounded operator from E; to E; (1.5.13).
Let G be the complex vector space of sequences
of functionals of m trajectories w™ of respective
lengths j°8 : ¢ = (‘P(wm; i)ym=0,1,--- 33i=1,-+)
such that for all (m, §7): (0™, §7) is integrable in
the sense of [ Pin .(do™) [and [ Pin ..(dw™)] for
almost every (z”, ¥™) (and z™), and the integral is
a Lebesgue measurable function of (2™, y™) (and z™).
Let A(w, j) be a sequence of real strictly positive
translation invariant functionals of one trajectory
of length jB, j = 1, --- , integrable in the same
sense, and let

A(wm; m) = I_]; Alw;, ]»)
Let G4 C @G be the subspace of those ¢ & G for which

o™ P <

A", 77

4.9

llel] = sup ess. sup. (4.10)
p

G, is a Banach space with ||¢|| as the norm of ¢.
Let ¢ € G4. Then
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Ko@)l < sup [le] 717 [lol] AT

X eXP{Zj: l] f P} (dw) dy |K(w:, i3 @, )| Ale, J)},

(4.11)

where w]" is obtained from «” by removing (w;, 7,)
and provided the series in the last factor converges.
If this is the case and if, furthermore, for some £ > 0

£ exp { i % f P}, (dw) dy |K(wo, fo; @, )| Alw, D}

< Awoy Jo)  (4.12)

for all (wo, jo), then
|Ke(w)] < sup (| /0" |lel| Aw™). (4.13)

Therefore, K is a bounded operator from G5 to G,
provided |2| ¢*?/¢ < 1 and its norm satisfies
K[| = k& < |2| €2 /¢. (4.19)

We come back to (4.12). The method of See. 2
gives the sufficient condition:

g eXp{i f Pio(dw)Aw, j)

1 . .
X [; v(w, wo) + ]ae’ﬁBA]} < Alwo, fo),  (4.15)
where now

(1) v(w, wo) is the volume of the union V{w, w,)
of the family of spheres of radius ¢ with centers at
the points w(t + 18) — wo(t + 1,8), with ¢ real,
0<t< B landl, integers, 0 <1< j—10<
b < jo— 1.

(2) A =8 [|¢|da.

(3) The factor exp (j8B) comes from the use of
condition (e), which is essential here.

Let
A(“’; ]) = Ei exp [‘P(w: ])])
(4.15) becomes

(4.16)

oon, 3 2 28 [ Pisde) exp lote, 1]

X [:]l v(w, o) + joeiﬁBA]; (4.17)

which implies in particular ¢(w, j) > 0, and therefore,
A(w, j) = &'. We show in Appendix 3 that (4.17)
has all the properties stated for (2.14) (Sec. 2). For
any ¢ € 10, &, let ¢;(w, ) be the smallest positive
solution, and @; the corresponding G, defined by
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(4.10) and (4.16) with ¢ = ¢;. It then follows from
(4.14) that for any z such that

l2| < R = £ exp (—28B), (4.18)

Eq. (1.6.10) has a unique solution in @, which is
analytic in z for 2| < R. Moreover, from ||| <
2|/, we obtain

lleall £ A = B [el /& (4.19)

pa defined by (1.6.10) and by (4.2) coincide for
|z2| < R as previously. From (4.1), (4.10), and (4.19),
we obtain

leaz™, y™)| < ml1 — £)7'(2l/9) |lgel |5,

where

0@ = T ¢ [ PLa) e oo, 1. @20

(4.20)

g: is shown in Appendix 3 to be a bounded integrable
function of z for ¢ < &, where & is some real
number in ]0, &]. There is strong evidence, but we
have been unable to prove, that one can take £, = &,.
From now on, we take £ < £,. pa(z™, y™) is then
a bounded operator in L*(R’™), with norm:

[oae™, yMlls < m!A — B)7'(21/8) llgel}T.  @4.22)

We now consider the limit V — « and show that
the results of I, Sec. 7 remain true in the present
case. We consider first [|[A; KA, — ALKAL.],
where 0 < 2a <1 < I'. Let ¢ € G;. Then

(ALKApw — ALKAL)e(@")]
< sup (l2| )" |le]] A@] ez (ws)

X exp {i % f P, (dw) dy |K(w:, §i5 0, 1) Alw, ﬁ}
x{% 5 Pl v 1K, 30, 9] A6, 9

X [ezsr(w) — az,+1(w)]} (4.23)

< sup (2} €2 /8)"* |lo|| A(w") X {same last factor}.
(4.24)

Therefore,

”ALKALH' - ALKALH” < ﬂ(l; L)7

where
{(Rng) i % [ Piudo) dy asten)

(4.26)

(4.25)

ﬂ(l) L) = sup

(wo,i0)

X [1 — ar.{w)] IK(“’O’ Jo; @, j)l Alw, j)}

JEAN GINIBRE

We split the w integration as previously:

(1) The contribution of the w which stay outside
Az 1172 18 bounded by

B/C® — kD [ el

x {g:e“"’ [ Piatdac, j)}, 4.27)

where the first factor comes from the relation
sup, nz” < [e(l — z)]! for z < 1. (4.27) does
not depend on L and — 0 as ! — .

(2) The contribution of the w which have points
inside AL+1/2 is bounded by

[R/eR — D4 e [ Plda)ate, 9

=1

=+ sup {Zm: 1 ~/;<'(l—a,iﬂ) Pio(dw)ors (wolp(es, 0)Aw, .'I')} .

we \i=1]

(4.28)

The first term in (4.28) depends only on ! and — 0
as | — o (Appendix 3). The last term depends
on L through «r(we)v(w, w,) and increases with L.
We show in (Appendix 3) that it - 0asl — «
for L = L, + pl, L, and p being positive constants.
Lemma 1 (I, Sec. 7) follows immediately. As in
Sec. 2, the limit as [ — « is not uniform in L.
Lemma 2 holds without change, the proof being
modified as follows: the contributions to (I.7.4) of
the trajectories of classes « and 8 are bounded

respectively by
mle(l, L) ||gel|= (4.29)

and

mi2 [|o|| m [lge[|2™

X sup {Z f P}, (dw)A(w, f)}- (4.30)
z,y€ED \j=1 YK’ (r,if)
The last factor — 0 as r — « uniformly with respect
to (z, ¥) (Appendix 3), whence, Lemma 2.
Theorem 1 holds with the following change in the
proof. The contributions of the region 2™ & A7 to
[|Ape][* is bounded by

@ [lell V™ [lel] m)® [Igel|= m [gel |
X {E f P;,(dw) de Alw, J)}- (4.31)
i=1 9 jz—y|>r
The last factor is f}./5.g¢(z) dz, and - 0 as r — o,

because g, is integrable, whence, the theorem.
Theorem 2 and the convergence of the virial ex-
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pansion hold with the following change in the proof:
the bound (1.7.9) is replaced by

1 d
V;Z%IDZLH — Po < él(l; L)
2 L’
+— ® (l — ) 4.32
= lledl- (1 - ) @®
5. BOUNDS ON THE RDM AND CP IN
THE QS CASE

We follow II, Sec. 4. The potential satisfies
(a), (b), (e), (e). The notations are those of II.
We first look for bounds of the type:

[l aet < P, oG, 6D

We proceed by induction on ¢ 4 r. From the KS
equations (I1.3.38), we get the sufficient condition:

P(y, 8 > sup &% X PG+ &,8 — &)
8/<d

k(vz21)
1 , . .
X Slip m f dw’ |K(w, k0’ )| AW™), (5.2)

where »?’ is obtained from w” by removing (w, k).
We next look for bounds of the type (I1.4.6), for
which (5.2) gives the sufficient condition

P(g,r) > sup € X Plg—k+1r',r—1")
15k=<gq r'=Q

1 5 KL 8
Xs‘ip__A(w,k)p;) /d+w [K(w, k30" )| Al ). (5.3)

From (4.15, 18) we obtain the solution
P(g,r) = g 'R™Y, (6.4)

where we have used the starting point ¢ + r = 1,
P(1, 0) < [inf A(w, 1)]7* < &', Therefore,

T [ @)l de’ SECOAE 65
from which we get, as in II,
o) < (el/Dl/R)Y A — ||/R)AX)  (5.6)

which is better than (4.19) by a factor (Jz|/R)**.
We can obtain different bounds for p from the
Mayer—Montroll equations (I1.3.41). From

]1 [ Pitaw) dy Ao, i) 1K(X; 0, )

< [ Paarnte, o 5 [ Laton o)+ ie?a |}, 62

=1

we obtain as previously
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P> [ Vo)) dus* <B4 exp [— UNA 2.
(5.8

and

)] < (el/)el/R)T' X — |el/R)™
X exp [—UX)]AX). (5.9
For physical, i.e., real positive 2z, in the case of
Bose—Einstein statistics only, we can obtain better
bounds directly.® From
exp [—Uw"*")]
< exp [~ U(w")] exp (¢8B) exp [-U(")] (5.10)

and from the definitions, we obtain

p(X) < (zexp BB)* exp [-U(X)].  (5.11)
We now prove the cluster property, namely, the
absolute integrability of x(z", y™) (11.4.20) as a
function of the differences of its arguments, by ob-
taining a finite upper bound for the integral J,,
(11.4.24).

Let A'(w, j) be a sequence of real strictly positive
translation invariant Wiener integrable (in the same
sense as previously) functionals of one trajectory
of length j8, G = 1, ---). Let

e = A i). G12)

For any trajectory « of length &8, let

U; = u:‘(w) k)

i P:;o(da)[}. o, &) + kAe”’”]A'@, M, (5.13)
v; =1;(w, k)
- f PL(de) de [o(w, &) + jkAe®®]A'G, 7). (5.14)

Let u be a real positive constant and consider the
equation

o { 5 o, B+ e, B} < 60, ), 6.15)

where 0 < &' < 1.

For p = 0, (5.15) reduces to (4.15) and has the
solution (£, A) used previously, for 0 < ¢ < &,.
We show in Appendix 3 that for u positive and
small enough, (5.15) has solutions of the same type
as (4.15) for 0 < ¢ < & < &. Let (¢, A") be such
a solution and let R’ = ¢’ exp (—28B). The other
notations being the same as in (II. Sec. 4), we now
prove the following:
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Lemma:

2 > f do” dio’ |¢r(X, Y|

a+r=p ¥ (m,q) §(r)

< pTTRITEHTVETANT). (5.18)

Proof: We proceed by induction on p + s. We
first look for bounds of the type

[ @7 st 1ox(X, 1)1 < PC6, v, DM@ G.17)

P(s, g, m,r) > sup exp (2kBB)
15k<e

rf=0 m'=0 g'=m’

X sup —-;-1—— X coef of z' in exp (E z‘u,-) X coef of 2% in (Z z’vj) /m’!.
P A (CO, ]C) 1 )]

The last step is to look for bounds of the type
P(S, q, m, 7') < I".-MP(s: p)

azm,r20,¢+r=p

(5.20)

for which (5.19) gives the sufficient condition

P(s,p) > sup exp (2k8B)
1<k<e
3 ' 1
X ’Z_:QP(S — k49 p —p)sup g
X coef of 2’ in exp [Z 2 (u; + pv,»)]. (5.21)
1

From (5.15) and using the starting point of the
induction procedure s = 1, ¢ = r = 0, P(1,0) < ¢,
we obtain the solution

P(S, p) — Rl—(P*’U—l)E}—l. (522)

The lemma follows immediately.

In the preceding proof, for the sake of simplicity,
we have overlooked the following fact: the transition
from (5.18) to (5.19) and from (5.19) to (5.21) in-
volves an interchange of sup, with a summation.
Therefore, conditions (5.19) and (5.21) are not suffi-
cient for (5.18) and (5.19), respectively, to hold and
the exact solutions of (5.18) and (5.19) may not
satisfy (11.4.33) and (5.20). However, (5.21) is a
sufficient condition for the lemma to hold, the
purpose of the intermediary bounds being only to
reach it in several steps. The same remark applies
to the proof of (5.5).

We finally prove the CP. We substitute (5.16) in
(11.4.38) and obtain for 2| < R’

JEAN GINIBRE

From (5.17) and (I1.4.29) we get the sufficient
condition

P(8,v, 8) = sup exp (2kBB)

E(0r21)

X 2 S P04y +,y—7,8—0)

v'<y ¥'5E
1 Ty L }
X S‘ip {A!(&}, k) X I:I 7:! (u,) 5:1 (U,‘) . (5.18)

We next look for bounds of the type (II1.4.33), for
which we obtain the sufficient condition:

> 2 Y Ps—k+g+r,g—¢,m—m,r—1)

(5.19)
Jn < ml(m— D g "0
x 3 { [ Pra) @z &', k)} -
% 2":_ le PR, (5.23)
Iw < ml(m — I g0
X R'(je|/R)" @ — [el/RN)TET
X 3 (/R [ Phone, B de. (620

The last series is uniformly convergent for |z] < R’
and bounded by ||gt.||,, where

d@ = 3 [Pl ) G29)
provided the last series converges in L'. Now we
show in Appendix 3 that for any ¢ < &, such that
g: be integrable (2 sufficient condition for which
is & < &), for any £ < &, one can take p sufficiently
small for (5.15) to have a solution and for (5.25)
to be convergent in L'. It then follows from (5.24)
that the CP holds in the whole region |2| < R, =
£ exp (—2BB), 2| < R, = &, exp (—28B), where
we have proved the convergence of the z expansion
of the RDM and the convergence in L' of the g
series (4.21) for ¢ = [2| ¢*®. The second condition
is very likely to be redundant.

6. CONCLUSIONS

The results of I and II, namely, (1) the existence
of the limit ¥V — o in the sense of I, Sec. 4, Lemma
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1, 2 and Theorem 1; (2) the analyticity of the RDM
in z in a neighborhood of the origin, and therefore,
the convergence of the virial expansion in a neighbor-
hood of the origin; (3) the cluster property, remain
true for the class of hard-core potentials defined
in Seec. 1.

Minor improvements could easily be obtained for
the various bounds which appear in the preceding
sections; they do not change our main results and
are of little practical interest, in view of the fact
that most of these bounds contain unknown func-
tions like f, A, or g;.

On the other hand, it is clear from the proofs
that the same results hold for more general potentials:

In the M B case, condition (e) is never used, except
to obtain the bounds (3.6) and (3.8). Keeping (a),
(d), and (b) for simplicity, we can replace (c) by
the weaker condition:

(¢’) ¢. is integrable in the whole space, and ¢, is
integrable outside a bounded region.

[ @i < te. 6.1)
1z|2b>a
The contribution of ¢.(z) for [z| < b to the various
kernels is bounded by that of a hard core of radius b,
and all the proofs remain valid with b replacing a.
This allows in particular an arbitrary growth of ¢
near the core, as well as potentials without hard
core (a = 0) and with arbitrary growth at the
origin, for instance Lennard-Jones potentials
é(x) = |z

In the QS case: (c) can also be replaced by (¢’),
thus allowing an arbitrary growth of ¢ near the core.
However, condition (e), and therefore, the existence
of a hard core of finite radius is essential to our
treatment of non purely repulsive potentials [see
Eq. (4.15)] and there is little hope to get rid of it
with the present method.

ACKNOWLEDGMENTS

I am grateful to Dr. David Ruelle for his constant
interest in this work and for helpful discussions and
comments. I wish to thank Professor R. G. Sachs
for the hospitality extended to me at the University
of Wisconsin, where part of this work was done.

APPENDIX 1
Integrability of exp[— U.(w™)]
We first prove that under conditions (a), (b), (d)

f@™) = exp [—Unlw™)], (ALD)
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where U,,(w™) is defined by (I.2.1), is an integrable
function of »™ for almost every =™, y™. The measures
referred to in this section are P, ,~ in » space and
Lebesgue measure in z space. Let

F, = {z":(z; — z;) € F for at least one pair (, j)},

C, (resp C,) = {2" : |z — ;| < a (resp < @)
for at least one pair (7, j)}. Now,

1) If 2" or y™ € C,, then f(v™) = 0 almost
everywhere and

[ Pon @i = 0.

(2) Theset {(z™,y™) :2"ory" € C,, — Cor EF,}
has measure zero.

(8) Consider now z™ & F,, 2" & C,, y" & F.,
y™ & C, and define the following sequence of func-
tionals f,(«w™):

(@) If o™ intersects Cp, fa(w™) = f(&™) = 0.
(ii) Xf ™ does not interseet C,, and does not in-
tersect F,,,

faw™) = exp {—S Zl Z;"’[“"'(%ﬁ) _“"'(%g)]}'
(AL.2)

The o™ that intersect F,, form a set of measure
0 (I, Appendix 1). The «™ that intersect C, but
not C,, form also a set of measure 0. We omit the
details of the proof. Therefore, f,(w™) — f(w™) every-
where and is bounded by exp (2m8B). It then follows
from Lebesgue-bounded convergence theorem [Ref.
7] that f(w™) is integrable.

Continuity of f(z™, y™) = [ P,m,,n(de™)as(@™)f(@™)

We prove next that f(z™, y™) is a continuous
function of (z™, y™) forz™ € A™, 2" & F.., y" © A”,
y™ & F,, provided we define f(z", y™) = 0 for
g"ory" € C, — Cn.

The proof is the same as in I, Appendix 1 for
z" and y™ € A™ — C,, — F,. The only point left
to be proved is that for z”, y" € A™ — C,, — F.,
fx™, y™) — 0 when for at least one pair (z, j),
|z; — z;] — a. Because f(«™) is bounded [by exp
(2mBB)], it is sufficient to prove that when |z—z'| = a

J, = f P2 ()P, (') — 0, (AL3)
|lw—w’]|2a

where the integration is restricted to trajectories
w, o' such that |w(f) — «'(f)] = aforall ¢t € [0, £].

7 P. R. Halmos, Measure Theory (D. Van Nostrand Com-
pany, Inc., New York, 1950).
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Iet ]z — 2’| = a4+ eand 0 < v < 8. We obtain
an upper bound for J, by replacing the above condi-
tion by the weaker one: |w(f) — «'(t)] > a for all
t € [0, v]. Therefore,

Ji L P (dw) du P;.,.(do") du’
lo—w’l2a
X ‘l’ﬂ-‘v(y - u)¢3-7(y’ - u’) (Al '4)
< [=B — M7V, (AL5)
J; = lim 11 ldz; dof do(e; — z;-)¥n(z! —
n—o lzj—zi’l2a §=1
= lim H {d(x; — zDd(x; + 2D a,[z; —
a-o ¢|zij—zi’|2a i=1
= lim f H [du; Yon(u; — ud)],
noo Vlujl>a §=1

Jy= f P, (dw) du,
lwiza

where w is now restricted to [w(t)] > a for all { €
[0, 2v]). J. is obviously a decreasing function of «.
Wenowtakez' = (0, -+ ,0),z= (a+ ¢0, ---,0).
Let0 < r < aand 0 < 4’ < 2y. We obtain an upper
bound for J, by replacing the above restriction by
the weaker one: If the component of w(f) perpendic-
ular to Oz satisfies |w, (f)] < r for all ¢ € [0, v,
then the component along Ox satisfies w.(f) > a — ¢
forallt € [0, v'], provided r* < e(2a — ¢). Therefore,

Jy S PAK'(r,v")) + Pl ..(dw.) du,.

we(t)2a—e
(A1.12)

Now P (K'(r, v")) < 207, v') > 0if r*/y' > o
[Ref. 8, Appendix 1]. The second term is easily seen
to be the one dimensional integral [ du [y, (u~—2¢)—
¥, + 2¢)] and — 0 if /9’ — 0. We finally choose
" = ¢(2a — ¢ and v’ = e, and see that J, — 0
as ¢ — 0, whence, the result.

Note that the proof rests on the following geo-
metrical property: Any point z, of the boundary
of the core is the limit as ¢ — 0 of a point x(¢)
which is outside the core, at a distance e from z,,
and such that there exists a disk D(e) of radius
r(e) with the following properties:

(2) z, and x(e) lie on the axis of D(¢); (b) D(e) lies
entirely inside the core; (c) d(e) being the distance
from z(e) to D(e), d(e)/r(e) > 0 as e — 0.

8 E. Nelson, J. Math. Phys. 5, 332 (1964).
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where
I, = f P.(dw) du Pl (de’) d’. (AL.6)
lo=-w’l2a
Let
p = -y/n{xi = w(fy/n), Zo =1, Z.=1u, (A1.7)
i = w'(fy/m), =12, zl=1u'.
Then,
z/1)] (A1.8)

z;— (@i-1 — x;—l)]\bzn(xi +xf — 2y — xf-l)} (Al 9)
(A1.10)

(A1.11)

Therefore, if the boundary of A is sufficiently
smooth, the same method shows that f(z", y™) — 0
as one of the z’s or one of the y’s tends to a point
of this boundary. Sufficient conditions are that A
be convex, or its boundary of class €°.

Integral Representation of exp(— SHm)

The Wiener integral representation of exp (—gHm)
is obtained as in I. The subdomain of L*(A™ — C,.)
on which the infinitesimal generator of the semi
group T’ is shown to coincide with the usual Hamil-
tonian is now the class of twice differentiable func-

tions with compact support CA™ — C,, — F,..

APPENDIX 2
Solutions of (2.15)

We consider the equations

o) 2 Q) = £ [ Poldd)lolo — &) + 4]

X exp [¢(@)]  (A2.1)

to which we shall refer as (=), (=), - - - ete. accord-
ing to the sign standing in the middle. We are
interested in solutions of (>) with the largest pos-
sible ¢ > 0 and for given £ with the smallest
possible ¢ > 0.

We restrict our attention to £ > 0, ¢ > 0. Then,

(1) If F(p,) exists and ¢, > ¢,, then F(yp,) exists
and F(p,) = F(g,). In particular, ¢ > 0 implies
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F(g) > (v, + A)/\", where v, is the volume of the
hard core.

(2) If (¢ > 0, gy > 0) is a solution of (>), then
the sequence ¢y, ¢, = £F (¢,-;) is decreasing, bounded
from below by £(v, + 4)/A" and, therefore, converges
gimply to some ¢ (((v, + A)/N < o(w) < @o(w))
which is a solution of (=). ¢ < ¢, means that ¢
i8 better than ¢, for our purpose.

3) If ¢ > 0, ¢ > 0) is a solution of (>), then
(¢, ¢) is also a solution of () for 0 < ¢ < &
Therefore, (=) has a solution for any ¢’ < &.

(4) For ¢ sufficiently large, (=) has no solution.
In fact, (=) implies

< o(w) < £\ Inf ¢ N
ESTo) S o+ 4 oxp (Inf @) = (o0 + A)e

Therefore, there exists £, > 0 such that (=) has
a solution (¢, ¢) for any ¢ < %, and no solution
for ¢ > £,. We see below that & » 0.

(5) If (£ ¢o) is a solution of (=) (0 < £ < &),
then the sequence ¢, = 0, ¢, = {F(g,-,) i8 in-
creasing and bounded by ¢,, therefore, converges to
some ¢; < ¢, which is a solution of (=). ¢; is the
smallest possible solution for that given £ For if
¢’ i8 a positive solution of (=), the preceding se-
quence is bounded term by term by the sequence
o, = ¢, o = F(el_,) = ¢'. The solution is not
unique in general [as a trivial example, take
v{w — @) = 0, no hard core].

(6) In order to show that &, = 0, it is sufficient
to find an equation

(A2.2)

o) = £ [ Puldiiolo, &) ep @] (A23)

with
ww, @) 2 vlw — &) + 4, (A2.4)

which has a real positive solution (¢ > 0, ¢ > 0).
(&, ¢) will then be a solution of (=), and therefore,
% > £ > 0. We need:

Lemma: There exists a constant y > 0 such that
vw — @) < (w)(@)/v.

There is strong evidence, but we have been unable
to prove, that one can take y = 1. Elementary
geometrical considerations give easily the ridiculous
value n = 72°. The specific value of 5 is irrelevant
in the argument, and we take for simplicity 9 = 1
in what follows. We can then take

wlw, &) = v(wple)/ve + A. (A2.5)

The solutions of (A2.3) are of the form ¢(w) =
m(w) + ¢, where 7 and o are determined by
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Fo, 9= 10—t [ Puldohle) exp [n(w)] = 0,

Glo, 7,8 =0 — Ate" [ Poode) exp [ro(w)] = 0.
(A2.6)

Now let

fone) = [ Phide) exp (o)l (A27)

We first show that for given complex r, for 8 real
positive sufficiently small, f,, exists and is a bounded
integrable function of z. Let

K; = K'(b, /2p) (p integer,p > 1), (A2.8)

where K'(r, v) is defined by (I.A1.5). If w & K,
w is contained in the union of the p spheres of radius
b with centers at the points w((2n — 1)8/2p), n =
1, ..., p. Therefore, v(w) < pv, where v is the volume
of a sphere of radius (¢ + b). From this it follows
casily that

lfor@)| < ¥u(@) + (€' — 1)
X [‘pp(x) + ie""'Po,(K;)], (A2.9)

and similarly,

[tz <14 €7 = 1

X [1 + Zn:e”""P,,(K;)], (A2.10)

p=1

where Po(K?) = [ yex, P5,(dw) dz. Now from (I.A1.7)

Po.(K;) < (¢/N)2pa(b/4, B/2p),  (A2.11)
and from (1.A1.4)
o(b/4, 8/2p) < (polynomial in pb*/88)
X exp (—pb*/8B). (A2.12)

Therefore, for 8 < b°/8v|7|, the series in (A2.9) is
absolutely convergent, and f;, is a bounded function
of z (fs, € L”). Analogous bounds on Py(K}) [Ref. 8,
especially Appendix 1] show that under the same
condition on B, the series in (A2.10) converges and
fs. is an integrable function of z (f5, € L').

We next show that for any complex 7 and any
real positive 8, fs, exists, fs, € L' and f5, € L.
For any two trajectories (w;, ws) of respective lengths
8, and 8., and such that w,(8;) = w,(0), we define
the trajectory w; \U w, of length g, 4 8. by

(wx Uw,)(t) = wl(t) 0t B,
= wz(t""ﬂl) B1 <t SBI 4+ Bs.

(A2.13)
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Then obviously
vl \J w2) < 0(w;) + v(ws) — 2o

< v(wy) + v(w.). (A2.14)
Therefore, for any complex T,
[fosstanel < Toiiinr * fouitens (A2.15)

where * means convolution, and in particular,

Ifs.-@)| < f&n 1), (A2.16)
whence,
Hee-lle < [lfarmainl]t (A2.17)
and
oelle < 1famintl 7 [erminille.  (A2.18)

For any complex r and real positive 8. one can
choose 7 sufficiently large for the right-hand side
of (A2.16) to exist, whence, the result. Finally, from

fﬁ-n(x) - fﬁ,r,(x)

Ty — T2

- f Pl (dwp(w) exp [rp(w)]

< Iﬁ - 7'2| T8.1ra1417a—ra1(2), (A2.19)

it follows that fs (z) is an entire function of =
for fixed 8, z. We now come back to the system
(A2.6). F and G are entire functions of £, o, 7 and
D(F, @)/D(o, 7) |tmgmr=o = v,. Therefore, (A2.6)
defines ¢ and 7 as analytic functions of £ near £ = 0,
with ¢(0) = 7(0) = 0. For { real positive, ¢ and
7 are real positive. Therefore, (A2.3) has a solution
for some ¢ > 0; therefore, £, = 0.

(7) We only mention that (A2.1) has a complex
solution (£, ¢) such that for fixed w, ¢ is an analytic
function of ¢ for [¢] < &, and ¢ coincide with ¢;
for ¢ € [0, £![. The proof is elementary and makes
use of the existence of an analytic solution of (A2.3)
near ¢ = 0 (cf. Ref. 9).

(8) We finally give some properties of ¢;(w)
(0 < & < &), Alw) = £ exp [p(w)] and f5(z) (2.15).
From (=) and (A2.5),

ei(@) < () + o, (A2.20)

where

(&/on) [ Pooldisiole) exp lie(w)]

T

(A2.21)

g

45 [ Pode) exp o] = 41500).

From (A2.20) and the properties of f,, ,, it follows
that A(w) is an integrable function of w and that
fs(x) is a bounded integrable function of z.

9 R. Bratu, Bull. Soc. Math. France 42, 113 (1914).
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Limit of Infinite Volume
We first consider [see (2.24)]

f Pooldd)fplew — &) + AJA@e(w)
K'(1/2.8)

< Po.,(d@[”-(ﬁ’zif@ + A]A(:o)aL(w), (A2.22)

K’/ (1/2,8)

and show that this quantity — 0 as [ — « for
L = L, + pl (L, and p positive constants). Now
az(w)v(w) < const-L’. Therefore, it is sufficient to
show that

[ Py(dwp(w)Alw) > 0asr — o
K'(r.B)
faster than any power of r.
For any w & K'(r, 8), v(w) > const X r. Therefore,
it is sufficient to show that for any integer =,
L&) = f Po@o)p@"Al) =0 a5 r— w.
K'(r.8)

(A2.23)

From (A2.20) and the properties of fs,,, it follows
that [v(w)]"A(w) is integrable. This implies’® that
I(r)y > 0asr— .

We now show that [« . p P.{dw) Alw) — O as
r — o uniformly with respect to (z, ¥). From (A2.20)
and (A2.15) we obtain

[ Pu@aw
K'(r.B)

<o [ PENdW) du exp ()]
K*'(r/2,8/2)

x [ P/2dwt) exp [ro(e)] (A2.24)

< 2 |lforainllo

X PE%(dw) du exp [ro(w)]. (A2.25)
K’ (r/2,8/2)

The last member is independent of (%, y) and — 0

asr — o '

Cluster Property—Properties of h(x) (3.9)

From the symmetry of the relation between the
trajectories w, @, and (v — &), we get

vo/1(@) < vlw — &)/v(w) < v(@)/ve.

Therefore,

4o) < [ [ Pu@as@ + 4186 |

(A2.26)

X [vz / Poo(d&)[v(a)]“A(&)]_l. (A2.27)

10 See Ref. 7, Theorem 23 H, p. 97.
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Therefore, k is integrable and bounded. We now show
that h(z) > f4(2)/f5(0). We write

) = sup {[ [ Putaa) %‘i A(a,)]
)+ A

x [ potan =34

Now take w = mw,, where w, is fixed and m > 0
(wo being not reduced to a single point). When
m— o, oo — @) + A]/v(w), considered as a
function of & tends to one simply and is bounded

fv(@) 4+ A)/v,. Therefore, by the Lebesgue
bounded convergence theorem,” the numerator and
denominator in (A2.28) tend, respectively, to fs(z)
and f5(0), whence, the result.

s’ gam

APPENDIX 3
Solutions of (4.17)

We consider the system

olw, k) > Fi§, ) = i 3 f Pio(da)

X exp [¢(®, 77]{ v(w, &) + kde™ B} (A3.1)

or more simply, ¢ > F(§, ¢).

We restrict our attention to ¢ > 0, ¢ > 0. With
the convention that ¢, > ¢, means ¢,(w, ) > ¢:(w, 1)
for all j and all w, the remarks (1) to (5) of Ap-
pendix 2 hold without change. We turn to (6).

(6) As previously v(w, @) < v(wv(@)/v,. (A3.2)
We therefore consider the system
ooy 1) = T8 [ PLda) exp o, 3]
X {(o) (@) + kA*?},  (A3.3)

the solutions of which are of the form ¢(w, k) =
1w(w) + ko, where 7 and ¢ are determined by

F(a,v,s)swo—g‘%?—’

X [ Pla(dae(@ exp [n@) = o,
(A3.4)

Go, ) =0~ A3 ")

i=1

x [ Pida) exp [n(@) = 0.

Now, from (A2.14) and (A2.18), for any complex 7,
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‘ [ Piae) exp tro@)| = 1fin. )

< Wisrlle < Wainlls X [fonlli™. (A3.5)

Therefore, the series in (A3.4) converges for
ge’ |Ifs..l]s < 1 and £°** ||fs..|l» < 1, respectively.
From this and the fact that f;, . is an entire function
of 7, it follows that F(o, =, £) and G(s, 7, £) are
analytic functions of (o, =, £) near (0, 0, 0). Further-
more D(F, G)/D(a, 7) |0.0,0 = . Therefore, (A3.4)
determines ¢ and 7 as analytic functions of ¢ near
¢ = 0, with ¢(0) = 0, 7(0) = 0. For £ real positive,
¢ and 7 are real positive. Therefore, (A3.3) has a
solution for some ¢ > 0; therefore, £, = 0 as pre-
viously.

(7) The same remark as in Appendix 2 applies
here.

(8) We finally give some properties of the solution
pe(w, DO < £ < &), Alw, /) [Eq. (4.16)] and g,
[Eq. (4.21)].

From (A3.1, 2) we obtain
e, k) < () + ke, (A3.6)

where

r=2 S8 [ Plants) e lode, 1,
0 =1 (A3.7)

o= 43 () [ Pide) exp oo, )]

i=1

From (A3.1), we obtain for any pair (w,, 7:)(ws, j2)
elwy, 71) < elw, \J @, 51 1+ o)

< 4’(‘*’1; .71) + 90(‘*’2, .72)

From (A3.6) and the properties of f;.,, it follows

(A3.8)

that A(w, j) is an integrable function of w. We
define now
g@) = 2 ¢ [ PLl) exp oo, ] (439
and
9:() = gee(x) (A3.10)

which is identical with (4.21).

From the convergence of the series in (A3.3) for
¢ < &, it follows that g (0) exists for £ < &,
£ < & exp (8B). There is strong evidence, but we
have been unable to prove, that under the same
conditions, the series (A3.9) converges in L' [and
therefore in L°, due to (A3.8)], from which it would
follow that g.(x) is a bounded integrable function
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of z for ¢ < &, From (A3.8) however, it follows that

[ PL@) e lete, 91 do

<{[ Pr) exp o, D1 s} . a3

Therefore, the series in (A3.9) converges in L' for
E < 507

-1
¥ < {f Péz(dw) dz exp [‘pE(“’y 1)]} .
Therefore, there exists some ¢, € ]0, &] such that
g:(z) be in L' and L~ for ¢ < &,.
Limit of Infinite Volume

We first show that the expression (4.28) tends to
zero as [ tends to infinity for L = L, + pl, L, and
p positive constants. As in Appendix 2, it is suffi-
cient to show that the two series

(A3.12)

©

e [ Phase) (4313

=1
and
- 1

i=1 J JE'(1-a,i8

) Pl(d)v@]"Aw, )  (A3.14)
tend to zero as [ — . It is easily seen that both
are uniformly convergent with respect to ! and that
each term of both tends to zero as I — «, whence,
the result. We now show that

Y[ PL)A, )
i=1 YK'(r,i8)

tends to zero as r tends to infinity uniformly with
respect to (z, y). Now if (w, §) = (w1, 1) Y (ws, j2)
lies in K'(r, jB), then either (w,, j;) lies in K'(r/2, j,8)
or (w,, 7) lies in K'(r/2, 7,8). From this and (A3.8),
we get

> [ PLae, )
K'(r, i)

i=1

< P, (dw) du Alw, 1)

R'(r/2,8)

x |1+ > [ P, 7]

+ [Puaase a3 [ P,

i=1

JEAN GINIBRE

= K’ (r/2.8) Piu(dw) du Alw, 1)[1 + [|gells]  (A3.15)
+ ’ f P.(dw)Aw, 1)‘ ]

] ; w, J) du. A3.
X {; fK’(r/Z,,'B) Py (dw)Alw, 7) du} (A3.16)

The last member is easily seen to tend to zero as
r — o, whenee the result.

Cluster Property
We consider the system (5.15) which we write
¢ 2 FE,¢) + uGE, ¢) (A3.17)
with
Al(w, k) = £ exp [¢' (o, k)] (A3.18)

and obvious notations for F and . For u = 0,
(A3.17) reduces to (A3.1). [For u > 0, the same
arguments as previously show that (A3.17) has
positive solutions for 0 < ¢ < g. G is positive;
therefore, £ < &.]

We now show that if ¢ < & and if g € L', for
any & < & (A3.17) has a solution £, ¢ for u suffi-
ciently small.

Let £, ¢; be the solution of ¢ = F(¢, ¢).

Then .
o 2 FE, 0 + €/ — DFE, o).
If g € L', then G(¥, ¢;) exists and satisfies
[GE, ¢))(w, k) < av(w) + bE,

where a and b are positive constants.
On the other hand, F(£, ¢;) is easily seen to be
bounded from below by

(A3.19)

(A3.20)

[FE, o)), k) > aw(w) + b'k,  (A3.21)
witha’ > 0,0 > 0.
Therefore,
G(‘E,) ‘PE) < mF(E’y ¢E) (A3-22)

with m > 0. Therefore, (A3.17) has a solution for
p < m ¢/ — 1). The solution (¢, ¢}.) correspond-
ing to the sign “="" in (A3.17) satisfies ¢{. < ¢:.
Therefore, the convergence of the g; series (4.21)
in L' implies the convergence of the g}, series (5.25)
in L'.
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